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A Stochastic Ekman-Stokes Model e
for Coupled Ocean—Wave—Atmosphere
Dynamics

Long Li, Etienne Mémin, and Bertrand Chapron

Abstract Accurate representation of atmosphere—ocean boundary layers, includ-
ing the interplay of turbulence, surface waves, and air—sea fluxes, remains a chal-
lenge in geophysical fluid dynamics, particularly for climate simulations. This study
introduces a stochastic coupled Ekman—Stokes model (SCESM) developed within
the physically consistent Location Uncertainty framework, explicitly incorporat-
ing random turbulent fluctuations and surface wave effects. The SCESM integrates
established parameterizations for air—sea fluxes, turbulent viscosity, and Stokes drift,
and its performance is rigorously assessed through ensemble simulations compared
against observations from the LOTUS field experiment. A performance ranking anal-
ysis quantifies the impact of different model components, highlighting the critical
role of explicit uncertainty representation in both oceanic and atmospheric dynam-
ics for accurately capturing system variability. Among the tested configurations, the
full model version—including both Stokes drift and wave-induced mixing—shows
the best agreement with observations. Wave-induced mixing terms improve model
performance, while wave-dependent surface roughness enhances air—sea fluxes but
reduces the relative influence of wave-driven mixing. This fully coupled stochastic
framework provides a foundation for advancing boundary layer parameterizations in
large-scale climate models.

6.1 Introduction

Numerical modeling of geophysical fluid dynamics, particularly in climate systems,
presents significant challenges due to the multi-scale nature of these systems and
the complex nonlinear interactions that govern their behavior. Accurately simulating
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large-scale atmospheric and oceanic flows while maintaining computational effi-
ciency requires the careful modeling or parameterization of subgrid-scale processes.
Many of these processes are intermittent, nonlinear, and random, underscoring the
need for innovative approaches to represent uncertainties. As highlighted by Hassel-
mann (1976), Majda et al. (1999), Palmer (2019), stochastic modeling has emerged
as a powerful tool for improving the representation of unresolved dynamics, thereby
enhancing the accuracy of weather and climate predictions.

In this study, we adopt a physically consistent stochastic framework known as
modeling under location uncertainty (LU), originally introduced by Mémin (2014).
This approach preserves fundamental physical properties, such as energy conserva-
tion (Bauer et al. 2020), while naturally incorporating modeling errors and approx-
imations to improve the representation of unresolved scales and their effects. A
hierarchy of stochastic geophysical models has been systematically developed and
validated within this framework, effectively capturing mesoscale and submesoscale
dynamics within large-scale atmospheric and oceanic flows. Examples include the
shallow water model (Brechtet al. 2021), the quasi-geostrophic model (Li et al. 2023),
and the primitive hydrostatic model (Tucciarone et al. 2025). By integrating stochas-
ticity, LU-based models improve uncertainty representation and enable coarse-grid
simulations to reproduce the long-term statistical properties of high-resolution ref-
erence flows.

The LU framework also advances stochastic formulations for wave—current and
air—sea interactions by capturing the impact of unresolved small-scale fluctuations
on large-scale dynamics. Bauer et al. (2020) demonstrates that wave—current interac-
tions, including the Coriolis—Stokes and vortex forces in the Craik—Leibovich system,
can be interpreted as statistical effects of unresolved flow inhomogeneity within a
stochastic flow representation. Building on this, Li et al. (2025) propose a stochastic
formulation of the Ekman—Stokes layer (also referred to as the Wavy Ekman Layer
in previous studies, e.g., McWilliams et al. 2012), which explicitly incorporates
spatial variations of the unresolved velocity field. This allows for a more realistic
and dynamic response to Stokes vortex forces, which—when spatial variations are
neglected—reduce to a quasi-hydrostatic background perturbation. However, much
of the dynamical impact of these forces emerges precisely from their spatial structure,
as highlighted in McWilliams and Fox-Kemper (2013) and Suzuki and Fox-Kemper
(2016). Numerical results in Li et al. (2025) show that the proposed stochastic model
produces greater variability, increased kinetic energy, and more extreme events com-
pared to standard models. Sensitivity analyses in that study highlight the influence
of transient winds and surface waves, which enhance the dispersion of realizations
while maintaining a balanced representation of errors. However, the model treats
wind as a prescribed Gaussian process, neglecting its interaction with currents and
waves and thereby failing to capture wave-modulated feedback on wind stress.

Expanding upon this foundation, the present work develops a fully coupled
stochastic model that integrates turbulence, surface wave effects, and air—sea fluxes,
explicitly capturing the interactions between random wind, waves, and currents. This
one-dimensional (1D) vertical modeling approach is essential for realistic coarse-
scale climate simulations, as it provides a physically consistent framework for param-
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eterizing unresolved boundary layer turbulence and generating vertical profiles at the
model’s resolution grid points. In this context, we adopt classical bulk flux param-
eterizations (Fairall et al. 1996, 2003) to represent turbulent air—sea exchanges.
These schemes remain widely used in climate models due to their empirical foun-
dation and computational simplicity. While originally developed for deterministic,
time-averaged conditions, we apply them here within a stochastic framework as
an initial step toward extending traditional parameterizations to account for intrin-
sic variability. This provides a practical baseline for future developments involving
more physically consistent coupling strategies. To evaluate the performance of the
stochastic configurations, we compare model outputs against current profile obser-
vations from the LOTUS (Long-Term Upper-Ocean Study) experiment (Price et al.
1987). This dataset provides high-quality Eulerian current measurements that are
minimally affected by mooring motion, making it a robust benchmark for model
validation. LOTUS data have been widely used in the literature for evaluating upper-
ocean boundary layer processes (Large et al. 1994; Price and Sundermeyer 1999;
Lewis and Belcher 2004; Polton et al. 2005).

The paper is structured as follows: Sect.6.2 describes the stochastic coupled
Ekman-Stokes model (SCESM) and its parameterizations. Section6.3 presents
numerical results and comparisons with observational data. Finally, Sect.6.4 con-
cludes the study and discusses potential avenues for future research.

6.2 Models

In this section, we introduce the proposed stochastic framework for the coupled
ocean—atmosphere Ekman layers, along with well-established parameterizations for
air—sea fluxes, turbulent viscosity, and Stokes drift.

6.2.1 Stochastic Formulation for Air-Sea Coupled Ekman
Layers

As illustrated in Fig. 6.1, the vertical domain is decomposed as follows: the atmo-
spheric boundary layer (ABL) is defined in Q¢ = [§*, H*] (with 6 ~ 10m and
H“ ~ 1000m), the ocean boundary layer (OBL) is defined in ° = [H?, §°] (with
0° ~ —1m and H° ~ —100m), while the air-sea interface consists of the atmo-
spheric surface boundary layer (ASBL) in [0, 6“] and the ocean surface boundary
layer (OSBL) in [6, 0].

Following the derivation of the generalized stochastic Craik—Leibovich equations
(Bauer et al. 2020) and the generalized stochastic Ekman—Stokes model (Li et al.
2025), we consider coupling two time-dependent Ekman layers for the atmosphere
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Fig. 6.1 Schematic of the coupled Ekman layers. a Vertical domain structure, including the atmo-
spheric and oceanic boundary layers (ABL and OBL), and their near-surface sublayers. b Turbulent
viscosity profiles in both ABL and OBL, defined from the near-surface depths §¢ and 6. ¢ Classi-
cal one-sided bulk flux formulation (Pelletier et al. 2021) used for surface exchange computations
within the surface boundary layer (SBL), which includes the ocean surface layer (OSL), atmospheric
viscous sublayer (AVSL), and atmospheric turbulent sublayer (ATSL)

and ocean. Hereafter, this will be referred to as the stochastic coupled Ekman—Stokes
model (SCESM), described by the following stochastic partial differential equations:

o = (00 0 )+ 20430

- (U?@Z(u“ +ut) +i fa;;) dB®, 7€ >0, (6.2.1a)
u'(z,0) =u’, zeQ, (6.2.1b)

u“(H* t) = ug, t >0, (6.2.1¢)

P 0. (8%, 1) = T(t), t> 0. (6.2.1d)

Here, a € {a, o} denotes atmospheric and oceanic components, respectively. The
variable u“(z, ) = u“(z, t) + iv“(z, t) represents the horizontal velocity in com-
plex notation, with i as the imaginary unit. The Coriolis frequency is denoted by
f. The viscosity coefficient is given by v*(z, ) = v, +af,(z,t), incorporating
both molecular and turbulent effects. The uniform density is denoted by p®, and
T(t) = 7, (¢t) + i, () is the time-dependent surface wind stress. The geostrophic
velocity component ug = uy + vy is assumed time- and depth-independent. This
simplifying assumption is consistent with the reduced 1D formulation of the Ekman
boundary layer. However, it prevents the model from capturing potential coupling
between geostrophic flow and Stokes drift, a mechanism that has been shown to
influence dynamics at submesoscales and, more weakly, at mesoscales (McWilliams
and Fox-Kemper 2013; Suzuki and Fox-Kemper 2016). Such interactions, involv-
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ing the interplay between geostrophic currents, internal gravity waves, and Stokes
vortex forces, are important components of the full ocean boundary layer system.
Their exclusion represents a limitation of the present formulation, which could be
addressed in future extensions.

In Eq. (6.2.1a), the term o® dB;* = (o dB;", o7 dB;") represents a stochastic
noise component originating from the Location Uncertainty (LU) framework (Mémin
2014; Resseguier et al. 2017; Bauer et al. 2020), which accounts for unresolved tur-
bulent motions probabilistically. The noise is spatially correlated through the corre-
lation operator o, acting on a cylindrical Brownian motion B;*. In this framework,
the Itd quadratic variation process (Bauer et al. 2020) associated with the vertical
noise component is defined as

1 ° ° 1
—d / ol dB, / 0)dB}) = —otoldt =: al. dr. (6.2.2a)
2 0 zZ 0 z ; 2 YAy 4 22

Physically, a2, plays the role of an eddy viscosity induced by unresolved turbulent
fluctuations. The It6—Stokes drift (introduced by Bauer et al. 2020), u; = 9. ay,
(within the Ekman layer scalings Li et al. 2025), captures the vertical inhomogeneity
of co-quadratic variation between horizontal and vertical noise components:

1 * ° 1
—d<f a;deg,/ oo dB_§> = oC0%dr =: al. dr. (6.2.2b)
2 \Jo o ;2 ' -

In this formulation, the unresolved variability in the atmosphere and ocean is modeled
through independent (cylindrical) Brownian motions By and B/, representing intrin-
sic turbulence internal to each medium. This assumption enables a tractable stochastic
representation of subgrid-scale processes. However, we acknowledge that in reality,
coherent structures such as wave-phase-aligned turbulence or wave-induced surface-
layer motions may introduce physical correlations across the interface (e.g., Qiao
et al. 2016). Capturing such effects would require a more general framework with
correlated noises, which represents an interesting direction for future developments.

The above provides a general description of our stochastic model. To specify
further the noise, we may also formulate the following inverse problem: determining
a specific noise such that the resulting statistical properties correspond to a prescribed
turbulent viscosity @ and a given Stokes drift u'. In particular, a simple projection-
based construction was proposed by Li et al. (2025) in the ocean-only setting; this
approach is adopted here in the coupled atmosphere—ocean context.

Given the turbulent viscosity @, we adopt the following spectral decomposition
for the vertical noise component:

2z

ol dBf =2 [@2)". ex]es AL, (6.2.32)

n>0

where {e{(z)},~0 denotes a set of localized basis functions with minimal overlap-
ping support in the real-valued Hilbert space L*(Q%, R), equipped with the inner
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product [f, g] = [. f(2)9(z) dz. The set {8, }n=0 consists of independent one-
dimensional real-valued Brownian motions. Furthermore, the two sets of Brownian
motions, {ﬁt‘”n},1>0 and {5Zn}n>0’ are assumed to be independent.

Given the anti-derivative of the horizontal Stokes drift, defined as ﬁ?(z) =
/ ; ¢ (¢) d¢, where U (z) = u%(z) + iv%(z), the horizontal noise component can
be constructed as

oy dBY = V2 " [@) Uy en]eq dBy,. (6.2.3b)

n>0

where the inner productisdefined as[U, e,] = [U, e,] + i[V, e, ]. The corresponding
quadratic variation processes, defined in Eq. (6.2.2), are then given by

al =Y [@", e ()2, (6.2.42)

n

a;jZ:Z[(ﬁ?Z)”z, eX[@) T, €] (). (6.2.4b)

n

By Parseval’s theorem, these reconstructed functions are globally consistent with the
given inputs @, and U;y, in the sense that

/ ag,(z)dz =/ a;.(z)dz, / ay (z)dz =/ U (2) dz. (6.2.5)
Qo Qo Qo Qo

Since the basis functions e, are assumed to be localized (i.e., significant over small,
distinct regions with negligible overlap) Parseval’s 1dent1ty applies approximately
pointwise. This yields a’ (z) ~ @’ (z) and ag, (z) ~ U (z), so that the resulting Ito—
Stokes drift approximates the given Stokes drlft u = J.ay, ~ U{. This identifica-
tion in the oceanic case has been illustrated in Li et al (2025) For 51mphclty, we use
the same notation for both the prescribed fields and their associated noise quadratic
variations.

The Stokes drift is typically not included in the atmospheric momentum equation
(Lewis and Belcher 2004), as it is generally much smaller than the geostrophic
wind. Therefore, in the following, we neglect uf by assuming negligible atmospheric
horizontal noise (o; d Bf ~ 0) and refer to the Stokes drift u, exclusively in the ocean.
As a result, the stochastic atmospheric Ekman model can read

du’ = (= if (' = ug) + 6 (v 0.u) ) di — 0“O.u" dBY. (6.2.6)
Taking the expectation, the mean wind velocity E[u“] satisfies

O E[u’] = —zf(IE[u“] —u ) 1o, ( [v “@u“]), 6.2.7)
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where the last term is generally nonlinear, as the turbulent viscosity closure for af,
(recalling that v* = v}, + af,) typically depends on the pathwise solution u“, at least
through air—sea coupling, as will be demonstrated later. The stochastic model (6.2.6)
can therefore be interpreted as a generalization of the classical model, incorporating
random fluctuation effects arising from unresolved smaller scales.

Similarly, taking the expectation of Eq. (6.2.1a) for the ocean component, the
mean current velocity E[u’] satisfies

OE[] = —if (Blu’] + Elu,] - w}) + 0. (E[*du’] + E["d.w]).  (6258)

which remains a nonlinear equation—because of the dependency of 11° on u°. In gen-
eral, the Stokes drift may also exhibit stochastic variability, as will be shown later.
Unlike the classical Ekman—Stokes model, which accounts only for the Coriolis—
Stokes force ifE[u,], the proposed mean model introduces an additional term,
9.(E[v°0.uy]), representing a wave mixing effect. This term initially arises from
a change of variables in the derivation of the generalized stochastic Craik—Leibovich
equation (Bauer et al. 2020).

To further examine its influence, one can vertically integrate the mean current

velocity. The mean current transport, given by E[T?] = f o0 B[u°](z) dz, then satisfies

OEIT’) = —if (BIT’] + E[T,] - T;) + %(E[T] +ET]), (629

where T; = p°v°0,u,(4°) represents an additional surface wave stress absent in the
classical Ekman—Stokes model.

Returning to the general case, the SCESM (6.2.1), combined with the simplified
atmospheric equation (6.2.6) and the specific noise representations (6.2.3), estab-
lishes a coupled framework for the atmospheric and oceanic boundary layers, incor-
porating both surface wave effects and random turbulent fluctuations. However, the
SCESM does not account for stratification (buoyancy) effects, which will be inves-
tigated in future work. To complete the model, we present parameterizations for the
air-sea momentum flux 7, the turbulent viscosity a®, and the Stokes drift u; in the

22’

subsequent sections, all of which are based on well-established approaches.

6.2.2 Bulk Parameterization of Turbulent Air-Sea Fluxes

In this section, we briefly review the parameterization of turbulent fluxes for the
ocean—atmosphere coupling. We begin by recalling the atmospheric surface boundary
layer model, which follows the Monin—Obukhov similarity theory (MOST) (Monin
and Obukhov 1954), a generalized law of the wall for stratified fluids (see Foken
2006 for a detailed introduction on the subject). In the classical one-sided bulk flux
formulation (Pelletier et al. 2018), which remains standard in many climate models,
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the resolved wind u, potential temperature 6, and humidity ¢ at the atmospheric
surface-layer depth §“ can be expressed in terms of their Monin—Obukhov (M-O)
scaling parameters (Fox-Kemper et al. 2022) (u., 6., g.), as follows:

* o4 5a
= (1“ ) wm(m)) L (62100
5 * o4 §a
0 =% (n(— ) ol mgey)) . G2

s * o 0
lq]5 = % (ln (m) - ¢h(m)) , (6.2.10c)

where [X]}, = X (6*) — X (6°) denotes the sea-surface-relative (under the ocean con-
stant profiles assumption) value of the atmospheric quantity X, while x & 0.4 is the
von Kédrmén constant, zq ,, 0,6, and z¢ 4, represent the surface roughness lengths for
momentum, heat, and humidity, respectively. These roughness lengths depend on
the scaling parameters (u., 6., g.). Additionally, L is the Obukhov length, which
also depends on the scaling parameters, and v, and v, are the stability functions
for momentum and tracer. Explicit forms of these functions can be found in Beljaars
and Holtslag (1991) and Grachev et al. (2000). For the neutral case (without strat-
ification), the above relationships reduce to the classical law of the wall, which is
simply a logarithmic profile.

Note that the classical one-sided bulk formulation (6.2.10) assumes surface val-
ues based on near-surface measurements or model outputs, effectively treating the
ocean surface layer as vertically uniform. While this simplification was originally
introduced for computational efficiency in coarse-resolution models, it can introduce
biases in the near-surface structure—particularly when surface-intensified processes
such as Stokes shear are active within the upper meter. A two-sided surface-layer
parameterization was proposed by Pelletier et al. (2021) to address this issue. With
modern ocean models now resolving the upper-ocean boundary layer at vertical
scales of order 1 m or finer, and with increasing recognition of the role of near-
surface dynamics, the adoption of more consistent formulations (e.g., Large et al.
2019; Fox-Kemper et al. 2022) provides a promising direction for future improve-
ments.

The Obukhov length L depends on the friction velocity scale u, and the atmo-
spheric buoyancy flux scale B as follows:

54

[ful

Lo= s g < b 4 ) 6.2.11)
= > = gUx s frn
=%, T\ 6,60 T 960 + 40

where g ~ 9.81 m s~ is the gravity acceleration, 6,(z) = 6(z)(1 + ¢(2)/qo) is the
virtual potential temperature, and go ~ 0.61 kg kg~! is the specific humidity of
saturated air.
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Equations (6.2.10) are nonlinear, depending on the unknown scaling parame-
ters (uy, 64, g4). To solve these three variables, a fixed-point iterative algorithm can
be used. This numerical counterpart of the nonlinear formulation is referred to as
the “bulk formula”. Various versions exist, differing mainly in the initialization of
the algorithm, the parameterization of surface roughness lengths, and the choice of
stability functions. In this study, we adopt the well-established COARE (Coupled
Ocean—Atmosphere Response Experiment) algorithm (Fairall et al. 1996, 2003).

The wind stress T, the sensible heat flux Q gy, and the latent heat flux Q; g across
the air—sea interface are given by

IT| = p*CaU |[ulls| = p“u|[ull|/U. (6.2.12a)
Osn = p“cpCuUION;, = pcpusb, (6.2.12b)
Oru = pleC.Ulql) = plgu.gs, (6.2.12¢)

where cp is the specific heat of air and /g is the latent heat of vaporization. The
transfer coefficients (Cy4, Cp, C,) for momentum, heat, and humidity all depend on
(us, 04, q4), and are determined from (6.2.11) and (6.2.12):

2
K
_ 2.
Ca (1n(5a/z<),u>—wm<6a/L>>’ (6.2.132)

KC,*(8,)

Ch = ’
h In(da/z0,6) — Y (da/L)

(6.2.13b)

B KC,(0)
 In(0a/z0.4) — Y0 (6a/L)"

(6.2.13¢c)

e

InEq. (6.2.12), U denotes the scalar difference in velocity across the air—sea interface,
incorporating a “gustiness” factor u g, defined as

3 172
U= <|[“]§n 2 u;ﬁ) , (6.2.14a)

1.2(Bsz)'?, if By >0
ugustz{ (Brai) ™™, i By > (6.2.14b)

0.2, if By <0,

where z; ~ 600 m is the convective boundary layer depth. The gustiness parameter
accounts for atmospheric stability and is included in the COARE algorithm to ensure
non-zero momentum fluxes at low wind speeds, by parameterizing the convective
effect on momentum transfer.
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Finally, the surface roughness lengths are parameterized in COARE by

2 a

u 1%
200 = Oep— + 0.11-"=, (6.2.15a)
g s
200 = min (1.15 x 1074,5.5 x 105R76) | R, = z0,—, (6.2.15b)
vy,
20,0 = 20,q- (6.2.15¢)

The momentum roughness in (6.2.15a) is separated into a rough-flow component
using Charnock scaling (Charnock 1955) and a smooth-flow component with a fixed
roughness Reynolds number. The Charnock coefficient «.;, can be parameterized in
different ways to account for physical effects. One such approach, based on wind
speed (Fairall et al. 2003), uses a piecewise increasing and affine function of U':

0.011, ifU <10ms™!
aqp(U) = { 0.011 +0.007(U — 10)/8, if U € (10,18) ms™" (6.2.16a)
0.018, ifU>18ms™ .

Alternatively, the Charnock coefficient can be parameterized as a function of wave
age (Maat et al. 1991):

B
O‘ch(uﬂm Cp) =A (ﬁ) s (6.2.16b)
C[’

where C,, is the phase speed of the waves at the spectral peak. The constants A =
0.114 and B = 0.622 are used in COARE 3.5 (Edson et al. 2013).

Another approach is to parameterize surface roughness based on wave slope, as
in the sea state- and wave age-dependent formulation (Donelan 1990):

9
R
Uy

/ U b
Oep (U, Cp» Hy) = A'H; C_
P

(6.2.16¢)
where H; is the significant wave height. The constants A’ = 0.091 and B’ = 2 are
used in COARE 3.5 (Edson et al. 2013).

In this work, we employ the COARE (fixed-point) algorithm using the relative
wind [u]’ () at each time step, while assuming constant stratification: the poten-
tial temperature difference [6]%, and specific humidity difference [¢]’, are kept fixed
throughout the simulation. This allows us to first determine the scaling parameters
(U, Oy, q5) along with the intermediate transfer coefficients (Cy, C,, C.). Conse-
quently, the wind stress is given by 7(1) = p*(u?[u]’;/U)(r), which provides the
surface boundary condition (6.2.1d) at each time step. This formulation assumes a
stratified atmospheric surface layer, albeit with steady or time-averaged tracers, while
considering the neutral SCESM (6.2.1). The heat fluxes in (6.2.12) will be incorpo-
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rated in future investigations of stratified Ekman boundary layers, particularly when
incorporating the evolution equations for temperature (McWilliams et al. 2009).

We remark that the COARE bulk algorithm is derived from time- and space-
averaged observations and effectively parameterizes complex near-surface processes,
including wave, spray, and bubble dynamics. In our stochastic framework, itis applied
pathwise to the resolved variables, allowing stochastic fluctuations to influence the
fluxes through time integration. This approach implies an instantaneous adjustment
of the air—sea exchange layers to stochastic inputs—an assumption that may over-
look the finite response times and nonlocal effects associated with wave-mediated
momentum transfer. While practical and consistent with current coarse-resolution
coupled models, this assumption could be relaxed in future work by incorporating
stochastic extensions of similarity theory or asynchronous coupling strategies (Val-
cke 2021).

6.2.3 Turbulent Viscosity Closure and Stokes Drift

In this work, we implement the diagnostic K-Profile Parameterization (KPP) scheme
(Large et al. 1994) for turbulent viscosity closure. While the classical bulk flux
formulation (Fig.6.1c) applies MOST extrapolation only on the atmospheric side,
the turbulent viscosity in each domain is computed from KPP with M-O surface
scaling. This ensures consistency in turbulent closure across both fluids, as shown
schematically in Fig. 6.1b.

The KPP scheme is formulated in a nondimensional vertical coordinate (* =
|z|/ h“, where h® represents the turbulent boundary layer depth. The general formu-
lation is expressed as

KU

¢m(Ch*/Lo)’

where w is the turbulent vertical velocity scale and G is a fourth-order polynomial
(Large et al. 1994), ensuring that the viscosity and its gradient match specific values
at the top and bottom of the boundary layer. The universal function ¢,, is set to unity
for neutral conditions, simplifying the formulation to match the profiles of O’Brien
(1970).

In the stratified case, the boundary layer depth 2* depends on both velocity and
buoyancy, with the bulk Richardson number (Large et al. 1994) governing the rela-
tionship. In the particular case of neutral conditions, the Ekman layer depth is defined
by

az,(¢*) = h"w(CMHG(CY), w*) = (6.2.17)

c(},
h*(t) = —u.(1), 6.2.18
Q) T Q) ( )
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where the atmospheric constant ¢ = 0.2 (Arya 1981) and the oceanic constant ¢’ =
—0.7 (Large et al. 1994) are used. These constants are consistent with MOST.

It is worth noting that a prognostic turbulence scheme, based on the generic
length scale theory (Umlauf and Burchard 2003), and specifically second-moment
closure (Harcourt 2013, 2015) for Langmuir turbulence, which solves a turbulent
kinetic energy (TKE) equation, could be explored in future studies following a similar
framework.

In general, surface gravity waves exhibit a broad spectrum, leading to a com-
plex vertical profile for the Stokes drift (Huang 1971; Jenkins 1989). For sim-
plicity, we consider a steady, monochromatic deep-water wave in this study. The
surface elevation, accurate to the leading order in wave steepness, is expressed as
1N = 1o cos(kx — wt), where 7 is the wave amplitude, k is the horizontal wavenum-
ber, and w = (gk)'/? is the angular frequency, consistent with the deep-water dis-
persion relation. The corresponding horizontal components of the Stokes drift are
approximated by Phillips (1977) as

u,(z) = Uge™ e, (6.2.19)

where U, = wknj} is the magnitude of the Stokes drift and ¢, represents the wave
propagation direction. Following Li et al. (2025), the wave direction 6, is parame-
terized by a normal distribution: 6, ~ N (0, Z;), where the mean direction ©; is
aligned with the geostrophic wind, and the small standard deviation X represents
the angular uncertainty, accounting for the misalignment between wind and wave
direction.

Note that the anti-derivative Uy, used in Eq. (6.2.3b) for the Stokes drift profile,
is given by u,/(2k). For the monochromatic wave described in Eq. (6.2.19), the
phase speed of the waves at the spectral peak and the significant wave height, used in
the wave-age-dependent formulation (6.2.16b) and (6.2.16¢) for surface roughness
parameterization, are defined as (McWilliams et al. 2014)

Cp,=w/k=+/g/k, H,=2v2n. (6.2.20)

6.3 Results

In this section, we numerically investigate the proposed stochastic coupled Ekman—
Stokes model (SCESM) with the presented parameterization through ensemble sim-
ulations.



6 A Stochastic Ekman—Stokes Model for Coupled Ocean—Wave ... 117

Table 6.1 Model parameters

Symbol Value Description

H¢ 1000 m Upper bound of atmospheric
domain

H° —100 m Lower bound of oceanic
domain

64 10 m Lower bound of atmospheric
domain

6 —1m Upper bound of oceanic
domain

f 8.36 x 107 s~! Coriolis parameter

v 1.5x 1079 m? 57! Air kinematic viscosity

v 1076 m2 57! Water kinematic viscosity

p° 103 kg m—3 Water density

P lkgm™3 Air density

ug (9+0i)ms~! Geostrophic wind velocity

ug Oms~! Geostrophic current velocity

64(0%) 299.65 K (26.5°C) Atmospheric potential
temperature at §¢

0°(6°) 301.15K (28°C) Oceanic potential temperature
at 9

q(0%) 0% Atmospheric specific humidity
at ¢

10 0.8 m Surface wave amplitude

A 60 m Wavelength of surface wave

Oy 0° Wave mean propagation
direction

PN 5° Wave spreading angle

6.3.1 Model Configurations

The configuration parameters are presented in Table 6.1, with most values selected
to be consistent with the observational data discussed later. The SCESM is solved
numerically using a pseudo-spectral Chebyshev method combined with an implicit
time-stepping scheme (Li et al. 2025). The ocean and atmosphere domains are dis-
cretized with 300 and 1000 Chebyshev nodes, respectively, and 500 ensemble mem-
bers are used. The coupled model is integrated over 20 days using a uniform time
step of At? = At = 300 s. In this configuration, air—sea coupling is performed at
each time step using the instantaneous surface wind and current. If a larger ocean
time step was employed relative to the atmosphere, asynchronous or synchronous
coupling strategies could be considered (Valcke 2021), and further improvements
may be achieved by incorporating the Schwarz iterative method (Marti et al. 2021).
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To assess the contributions of different modeling terms in the SCESM, we compare
it against several reduced versions:

— RAM: Stochastic atmosphere model coupled with a deterministic ocean model
without Stokes drift:

du = ( —if(u’ —uj) + (’)Z(u"azu")) dt — o¢0.u’ dB, (6.3.1a)
a,u" — —if(llo _ uz) + az(yo Zuo). (631b)

— ROM: Deterministic atmosphere model coupled with a stochastic ocean model
without Stokes drift:

Dt = —if (u — u?) + 0, (0.0, (63.22)
du’ = (= if (u* —u)) + 0.('Du") ) dr — PO B (6.32b)

— RCM: Stochastic atmosphere model (6.3.1a) coupled with a stochastic ocean
model (6.3.2b) without Stokes drift.

— RCM-RS: RCM with Stokes drift under random angular directions, but without
wave mixing terms. That is, Eq. (6.3.1a) with

du’ = ( - if(u" +u, — uf]) + 0, (z/’azu”)) dr — <O’; u’ + ifa'g) dB;.
(6.3.3)
— RCM-RS-WM: RCM-RS with wave mixing terms. That is, Eq. (6.3.1a) with

du’® = ( —if (w4 u; —uf) + 9. (10, (u’ + us))) dr

— (000w +w)) +ifoy) dBy. (6.3.4)

All models are initialized with the same initial condition (6.2.1b) and use the same
Dirichlet boundary condition (6.2.1c¢). We remark that Equations (6.3.3) and (6.3.4)
span two simplified configurations—excluding or including Stokes shear in the tur-
bulent boundary condition—to explore the sensitivity of the coupled system to dif-
ferent assumptions. In reality, the interplay between turbulence and wave-induced
effects is more intricate. Turbulence tends to reduce the Lagrangian shear (Pearson
2018), and adjustments such as the Coriolis—Stokes interaction give rise to the so-
called “Lagrangian Thermal Wind” balance (McWilliams and Fox-Kemper 2013;
Haney et al. 2015; Suzuki and Fox-Kemper 2016). These processes can produce
an “anti-Stokes” Eulerian shear that opposes the Stokes drift, resulting in a small
net Lagrangian shear. While the COARE algorithm assumes that Eulerian veloc-
ity enters the surface flux formulation, the Eulerian current is not independent of
wave effects—such as vortex, Coriolis—Stokes, and advection feedbacks—raising
fundamental questions about whether Eulerian or Lagrangian formulations provide
a better basis for bulk parameterization. This is an open debate in the literature (see
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Fig. 6.2 Comparison of the ensemble mean (represented by bars) and spread (represented by error
bars) for a friction velocity u, and b air-sea momentum transfer coefficient C4, across different
random models (labeled on the x-axis). The ensemble mean and spread (mean(u) = std(u)) are
time-averaged over the last 10 days

Vanneste and Young 2022), and our two configurations are intended as limiting-case
models within this ongoing discussion. A more comprehensive treatment involving
wave-averaged closures and consistent shear-dependent fluxes is left for future work.

To distinguish the impact of different modeling terms from that of parameteri-
zation choices, we first conduct a comparative analysis using the same wind speed-
dependent formulation (6.2.16a) for the surface roughness length. This ensures that
the air-sea flux condition (6.2.1d) remains consistent across models.

For example, Fig. 6.2 demonstrates that all models yield similar ensemble mean
values for the friction velocity u, and the air-sea momentum transfer coefficient
C4, with RCM-RS and RCM-RS-WM exhibiting slight increases in these values.
Additionally, the overall level of uncertainty is similar across models, except for
ROM, which explicitly incorporates stochasticity only in the ocean. Unsurprisingly,
this significantly reduces the uncertainty representation of air—sea fluxes.

In this context, we first compare the model performances against observations in
Sect. 6.3.2, followed by a statistical analysis of model diagnostics in Sect. 6.3.3. Addi-
tional results incorporating wave-dependent formulations (6.2.16b) and (6.2.16¢) for
RCM-RS and RCM-RS-WM are presented in Sect. 6.3.4.

6.3.2 Comparison with LOTUS Observations

To assess the models’ performance, we compare their outputs with observations from
the Long-Term Upper-Ocean Study (LOTUS) experiment (Price et al. 1987; Price and
Sundermeyer 1999), conducted in the western Sargasso Sea (34 °N, 70 °W) during
the summer of 1982. This dataset provides 160 days of current profile measure-
ments collected using vector-measuring instruments mounted on a stable platform to
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mitigate errors associated with mooring motion. The geostrophic velocity, assumed
constant at a depth of 50 m, was removed to extract the wind-driven signal. Wind
and current data were daily averaged to reduce high-frequency oscillations in the
observed signals, rotated to align the wind direction with nominal north, and sub-
sequently averaged over the 160-day period. Table 1 in Price et al. (1987) reports
the mean values and confidence intervals for the downwind and crosswind current
components at depths z = (=5, —10, —15, —25) m.

To ensure comparability with observations, the model’s eastward and northward
(Eulerian) ocean velocity components (1#? and v°) on the wind-relative coordinates
are rotated into a wind-relative coordinate system. The downwind and crosswind
velocity components, #, and «, are defined as

u cos(f) sin(f) u’
(m) = (sin(ﬁ) —cos(9)> (v")’ 6 = arg(T). (6.3.5)
This rotation is applied to each random realization of the model outputs u’ and
7, without performing daily averaging of the data. We retain the full dataset to
compute ensemble statistics before applying low-pass filtering or time-averaging for
visualization.

Figure 6.3 qualitatively compares the ensemble mean and spread (defined as mean
=+ standard deviation) of the Ekman current profiles for different random models,
alongside the mean and confidence intervals (CIs) of the observations. It shows that
the RAM, which introduces explicit stochastic transport only in the atmosphere,
produces a very low ensemble spread and fails to both encompass the mean of the
observations and overlap with their CIs over depth. The ROM and RCM, which
incorporate explicit stochastic transport in the ocean, increase the spread but still fail
to align with the observations near the surface, particularly at z = (—5, —10) m. The
RCM-RS and RCM-RS-WM, which include the Coriolis—Stokes force, modify the
shape of the current profiles and overlap most of the observation CIs across depth,
particularly near the surface. Compared to the other random models, the RCM-
RS-WM, which includes additional wave mixing effects, significantly increases the
spread over depth and shifts the spread to the left for the downwind component and
to the right for the crosswind component.

To further evaluate the models’ performance against the LOTUS observations, we
employ statistical metrics that account for observational uncertainties. Specifically,
we generate observation samples following normal distributions, ut™ ~ N (%, 57)
and u?™ ~ N (fi,, 52), where the mean values 7 and the standard errors § = a5//n
are obtained from Table 1 of Price et al. (1987). The Clis given by CI = [ —5, &t +
5], where n = 53 represents the effective degrees of freedom used to estimate the
standard error over the 160-day record. The confidence levels are set to 95% (a = 2)
for the downwind component and 90% (v = 1.7) for the crosswind component. The
corresponding sample standard deviations, 7, and 7, are derived from these values.

We employ two statistical metrics for the model validation against LOTUS obser-
vations. The first is the Wasserstein distance (Villani 2009), which quantifies the



6 A Stochastic Ekman—Stokes Model for Coupled Ocean—Wave ... 121

RCM-RS

RCM-RS-WM
LOTUS3 CI
RCM-RS
T RCM-RS-WM
e+ LOTUS3 Cl
_70 T T T T T T T T T T
-2 0 2 4 6 -2 0 2 4 6
uy (m/s) x1072 us (m/s) x107?

Fig. 6.3 Comparison of the ensemble mean (solid lines) and spread (shaded areas) for a down-
wind (Eulerian) Ekman current and b crosswind (Eulerian) Ekman current across different random
models. These are compared to the confidence interval (CI, represented by black error bars) of the
mean (centered point) LOTUS3 observations (Table 1 of Price et al. 1987) at near-surface depths.
The ensemble mean and spread (mean(u) =+ std(u)) are time-averaged over the last 10 days

similarity between two probability distributions. Specifically, we use the empiri-
cal cumulative distribution functions, F, x, and F x,, of the model ensemble X, and
the randomly generated observations X,, respectively, to compute the p-th-order
Wasserstein distance estimator:

1/p
W,(X,, X,) = ( / | Fy, (x) — fxn(x)|pdx) ) (6.3.6)
R

The second metric is the continuous ranked probability score (CRPS) (Weigel 2011),
which evaluates ensemble forecast skill by measuring the integrated squared differ-
ence between the cumulative forecast and the observation. In this work, for each
realization of the random observations, x, i = 1, ..., n, the CRPS is computed as

o
o

CRPS (Fy,,x) = / (Fx,(x) —H(x —x))’ dx, (6.3.7a)
R

where H is the Heaviside step function. The final CRPS score is obtained by averaging
over all sampled observations:
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Fig. 6.4 Comparison of a the globally integrated Wasserstein distance and b the mean globally
integrated continuous ranked probability score (CRPS) over time for different model ensembles
against LOTUS3 observations. Observation samples are drawn from a normal distribution with
empirical mean and standard deviation derived from Table 1 of Price et al. (1987). At each time,
the CRPS is computed using an observation realization and averaged over samples. A half-day
low-pass filter is applied to these time series

1< ~ ‘
CRPS = - Z CRPS (Fy,, x"). (6.3.7b)

i=1

To compute these metrics, we independently draw observation samples (following
the normal distributions described above) for each time step and depth. The scores
are then averaged over depth, yielding time series of the scores for each model. A
lower score indicates better model performance.

Figure 6.4 presents the temporal evolution of the globally integrated first-order
(p = 1) Wasserstein distance and the mean globally integrated CRPS for each model
ensemble against LOTUS observations. The results clearly demonstrate an increasing
order of model performance:

RAM < ROM < RCM < RCM-RS < RCM-RS-WM.

This ranking quantifies the contribution of each additional modeling term in the fully
coupled stochastic system to the overall improvement of the model.

6.3.3 Statistical Diagnostics of Energy Budget and Wind
Work

We begin by analyzing the ensemble decomposition of global energy for both atmo-
spheric and oceanic components, specifically the mean kinetic energy (MKE) and
eddy kinetic energy (EKE). The MKE is defined as MKE® = p®|[u®||?, while the

EKE is given by EKE® = p°|lu® — u®||2, where u denotes the ensemble mean of u.
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Fig. 6.5 Comparison of globally integrated mean kinetic energy (MKE, left) and eddy kinetic
energy (EKE, right) for the ocean (top) and atmosphere (bottom) components across different
random models (distinguished by color). MKE and EKE are defined in an ensemble sense as
U := E[u] andu’ := u — E[u]. A half-day low-pass filter is applied to these time series. A zoomed-
in view of atmospheric MKE over the last 10 days is included to better highlight the differences

Figure 6.5¢ shows that all models exhibit similar time-mean values of MKE“, albeit
with varying levels of oscillation around their respective means. In contrast, Fig. 6.5a
demonstrates that the RCM-RS-WM significantly increases the MKE? compared to
all the other random models, due to the inclusion of additional wave mixing terms.

As illustrated in Fig.6.5b, RAM, which introduces explicit stochastic transport
only in the atmosphere, generates high EKE? but very low EKE°. Conversely, as
shown in Fig. 6.5d, ROM, which introduces explicit stochastic transport only in the
ocean, produces high EKE’ but very low EKE“. The RCM model, which incorpo-
rates explicit stochastic transport in both the atmosphere and ocean, yields EKE’
levels comparable to ROM and EKE“ levels similar to RAM. These results clearly
indicate that explicitly representing uncertainties in both components plays a crucial
role in determining the variance levels of a coupled system. Furthermore, the two
wave-dependent models exhibit EKE® levels similar to those of RCM (Fig.6.5d);
however, the RCM-RS model slightly reduces EKE’, whereas the RCM-RS-WM
model significantly enhances it (Fig. 6.5c).

We next examine the wind contribution to the ensemble energy budget for both the
atmosphere and ocean, characterized by the mean wind work MWW = T - u®(§%)
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Fig. 6.6 Comparison of mean wind work (left) and eddy wind work (right) for the ocean (top) and
atmosphere (bottom) components across different random models (distinguished by color)

and the eddy wind work EWW® = (7 — 7) - (u® — u®)(§*). Figure 6.6a indicates
that surface waves significantly reduce the mean level of MWW? over time while
increasing its oscillation, as observed in the comparison of RCM-RS and RCM-
RS-WM with RAM, ROM, and RCM. Furthermore, due to wave mixing effects,
the reduction in MWW? is more pronounced in RCM-RS-WM than in RCM-RS.
Conversely, Fig. 6.6c illustrates that surface waves induce a slight increase in the
mean level of MWW, an effect that becomes more evident when wave mixing
terms are included.

As expected, ROM, which lacks explicit atmospheric uncertainty representation,
exhibits an almost negligible EWW¢“ and a small negative EWW?, as shown in
Figure 6.6b and d. The other models exhibit similar levels of EWW (Fig.6.6d).
Additionally, the inclusion of wave mixing terms reduces the mean level of EWW?
over time while increasing its temporal variability (Fig. 6.6b).
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6.3.4 Discussion of Wave-Dependent Surface Roughness
Effects

We now examine the results obtained using the wave-dependent parameterization
of surface roughness length for RCM-RS and RCM-RS-WM. Specifically, we focus
on their impact on model performance relative to observations, employing the same
statistical metrics as those presented in Sect. 6.3.2.

When adopting the wave age-dependent formulation (6.2.16b), Fig. 6.7 illustrates
that both the mean friction velocity and air—sea transfer coefficients increase com-
pared to those obtained using the wind speed-dependent formulation (6.2.16a). In
this case, Fig. 6.8 demonstrates that the model performance ranking established in
Sect.6.3.2,

RAM < ROM < RCM < RCM-RS < RCM-RS-WM,

remains valid in terms of both the Wasserstein distance and CRPS. However, the
relative improvement of RCM-RS-WM over RCM-RS is slightly less pronounced.

For the wave slope-dependent formulation (6.2.16¢), Fig.6.9 indicates a more
significant increase in air—sea fluxes compared to the wave age-based case. Figure
6.10 demonstrates that the model performance ranking remains consistent in this
scenario, at least in terms of the Wasserstein distance. However, the improvement of
RCM-RS-WM relative to RCM-RS is noticeably less pronounced than in the previous
cases, suggesting that stronger air—sea fluxes diminish the relative contribution of
wave mixing terms.

Throughout this study, all model configurations rely on a common set of
turbulence-related parameters—such as those in the KPP and COARE, formula-
tions. This design choice facilitates fair comparisons, but may also bias performance
assessments, particularly for models with added physical processes like wave-driven
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Fig. 6.7 Same as Fig. 6.2, but using the wave age-based roughness parameterization (6.2.16b) for
RCM-RS and RCM-RS-WM
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Fig. 6.8 Same as Fig. 6.4, but using the wave age-based roughness parameterization (6.2.16b) for
RCM-RS and RCM-RS-WM
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Fig. 6.9 Same as Fig. 6.2, but using the wave age-based roughness parameterization (6.2.16¢) for
RCM-RS and RCM-RS-WM

mixing (RCM-RS-WM). In such cases, model-observation mismatch may reflect
parameter non-optimality rather than model structure alone. Moreover, the physical
interpretation of these parameters may vary across models with distinct dynamics
(e.g., inclusion of Stokes shear). A more consistent parameter tuning strategy, such
as that proposed in McWilliams et al. (2012), would help adapt parameterizations
to specific model assumptions. Future work may benefit from calibration against
high-resolution large eddy simulation (LES) datasets, which provide full-depth cur-
rent profiles, in contrast to the discrete-depth measurements available in the LOTUS
experiment.



6 A Stochastic Ekman—Stokes Model for Coupled Ocean—Wave ... 127

x10-2 (@) Global Wasserstein Distance x1072 (b) Mean of Global CRPS

2.4 —— RAM 24 ] —— RAM
- ROM ‘ ROM
' —— RCM 22 —— RCM
2.0 —— RCM-RS A —— RCM-RS
18 —— RCM-RS-WM | RCM-RS-WM
1.6
1.4
1.2

0 5 10 15

t (days) t (days)

Fig. 6.10 Same as Fig. 6.4, but using the wave age-based roughness parameterization (6.2.16c) for
RCM-RS and RCM-RS-WM

6.4 Conclusion

We have introduced a stochastic coupled Ekman—Stokes model (SCESM) to repre-
sent the atmosphere—ocean boundary layers while incorporating surface wave effects
and turbulent fluctuations arising from unresolved scales. The SCESM, along with
established parameterizations for air—sea fluxes, turbulent viscosity, and Stokes drift,
was rigorously tested through ensemble simulations. Its performance was evaluated
against LOTUS data using statistical metrics that account for observational uncer-
tainties.

A performance ranking analysis quantified the impact of various modeling com-
ponents within the fully coupled stochastic system. The results underscore the impor-
tance of explicitly representing uncertainties in both oceanic and atmospheric com-
ponents to accurately capture the variance levels of the coupled system. Further-
more, while wave-dependent parameterizations of surface roughness enhance air—sea
fluxes, they reduce the contribution of wave-induced mixing terms in the SCESM.

An important limitation of the present framework lies in the use of classical
bulk flux parameterizations, which were originally designed for deterministic, time-
averaged conditions. Future developments should consider more consistent formu-
lations of surface coupling that explicitly incorporate uncertainty. Moreover, com-
bining this framework with data assimilation and parameter estimation techniques
would further enhance its predictive capability and realism.

Another limitation of the present validation is the lack of direct flux measurements
in the LOTUS dataset. While comparisons of mean current profiles serve as a useful
benchmark, they offer only indirect constraints on the underlying turbulent exchange
mechanisms. More robust evaluation could be achieved using high-resolution cou-
pled LES data (e.g., Sullivan et al. 2025) or modern observational platforms equipped
with flux towers and wave-following buoys that measure momentum and heat fluxes.

Beyond these immediate improvements, several extensions are promising: incor-
porating buoyancy evolution via stochastic equations for stratified Ekman layers with
time-varying stratification (McWilliams et al. 2009); introducing memory effects
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through second-order turbulence closures that solve a prognostic TKE equation
including surface wave influences (Harcourt 2013); and implementing a spectral
representation of surface waves with wave-induced momentum source terms (Perrie
et al. 2003). Together, these developments could significantly advance our ability to
simulate and predict coupled ocean—wave—atmosphere dynamics.

Data Availability Statement The PyTorch code SCESM.py used to reproduce the simulation data,
along with the Python script diag.py which performs all diagnostics from the output data, and the
Jupyter notebook fig_stuod.ipynb, which generates the figures presented in this study, are available
at https://github.com/matlong/SCESM.
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