
Under consideration for publication in J. Fluid Mech. 1

Banner appropriate to article type will appear here in typeset article

Simulating passive scalar advection in rough
Kraichnan flows

Long Li1,2,†, André L.P. Considera1,3 and Simon Thalabard1,2

1Institut de Physique de Nice (INPHYNI), Université Côte d’Azur, CNRS – UMR 7010, 17
rue Julien Lauprêtre, 06200, Nice, France
2Centre Inria d’Université Côte d’Azur, 2004 Rte des Lucioles, 06560, Valbonne, France
3Instituto de Matemática Pura e Aplicada, Estrada Dona Castorina, 110 – Jardim Botânico,
22460-320, Rio de Janeiro, Brazil

(Received xx; revised xx; accepted xx)

We present a systematic Eulerian study of passive scalar advection in rough
two-dimensional Kraichnan flows, covering the full range of velocity roughness
exponent h ∈ (0, 1). The advection–diffusion equation is integrated directly using
a pseudo-spectral method at resolutions up to 20482 grid points, with a frozen-
noise Runge–Kutta scheme consistent with the white-in-time construction of the
carrier flow. The simulations recover the duality between advected scalar and
advecting flow—the smoother the carrier, the rougher the scalar—together with
the predicted scaling laws for the second-order statistics. Once the scaling range is
properly identified, the fourth-order flatness anomaly is measured across the whole
range of h, in agreement with the Lagrangian estimates of Frisch et al. (1999)
and with the perturbative predictions of Bernard et al. (1998) and Pumir et al.
(1997). Benefiting from the fact that our Eulerian simulations give direct access
to the full scalar field, we also examine the probability density functions of scalar
increments and the corresponding higher-order statistics, which show systematic
departures from Gaussianity and from log-normality, with the strongest deviations
manifesting for intermediate values of h. A central outcome of this work is a
systematic account of how the simulation parameters, in particular the molecular
diffusivity, must be adjusted with h, providing practical guidelines for reliable
simulations; we further show that the residual deviations from the theoretical
scaling laws are quantitatively accounted for by the finite spectral representation
of the carrier flow. Our analysis also serve as a numerical baseline for simulating
more realistic extensions of the Kraichnan model, where the carrier flow is coupled
with a Gaussian multiplicative chaos and theoretical developments are limited.

1. Introduction
The linear advection of a passive scalar by spatially rough velocity fields is a
classical turbulence problem, which produces many of the distinctive signatures
of turbulence, from gradient amplification and cascade processes to scaling and
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dissipative anomalies (Shraiman & Siggia 2000; Gotoh & Yeung 2013; Benzi &
Toschi 2023). In a forced-dissipative setting, one considers the advection-diffusion
equation

∂tθ + u ·∇θ = κ∆θ + f, (1.1)
describing the transport of a scalar quantity θ such as temperature, passively
advected by a turbulent fluid in a d−dimensional ambient Euclidean space.
Here, u is the advecting velocity field, κ > 0 is the molecular diffusivity, and
f is an external forcing term. The qualification “passive” refers to the fact that
θ is carried by the velocity field without influencing the flow itself. While in
principle, one would wish to consider linear advection by a velocity field u
solving the Navier-Stokes equations, the Kraichnan model provides a crude yet
fruitful simplification, which was initially introduced by Kraichnan (1968, 1974,
1994) and later popularized in particular by a series of work from Gawedzki and
collaborators—see (Falkovich et al. 2001; Gawędzki 2008) and references therein.
One takes the vector field u to be a centered homogeneous Gaussian random field,
white in time and only Hölder continuous in space, prescribed by the covariance

E[ui(t,x)uj(s,y)] = δ(t− s)Dij(x− y), 1 ⩽ i, j ⩽ d, (1.2)

where Dij(x−y) decays ∝ |x−y|2h, h ∈ (0, 1) for separations in the inertial range
and

∑d
i=1 ∂iDij = 0 to ensure incompressibility. The scaling of the spatial corre-

lation tensor Dij encodes the spatial regularity of the velocity field, prescribing a
field that is almost surely Hölder continuous with exponent h′ for every h′ < h.
Hereafter, we abuse the terminology slightly and call h the Hölder exponent of the
velocity field. Naturally, the assumptions of temporal decorrelation and Gaussian
statistics are idealizations of turbulent velocity fields, which generically exhibit
temporal correlations and non-Gaussian fluctuations arising from intermittency.
These assumptions, however, lead to explicit analytical closure of correlation
functions for θ in the form of a Hopf hierarchy. This additional degree of analytical
tractability makes the Kraichan model a useful caricature or turbulent transport,
which led to fundamental concepts such as zero mode, statistical conservation
laws (Bernard et al. 1998; Benzi & Toschi 2023; Thalabard & Mailybaev 2024)
and spontaneous stochasticity (Eyink & Goldenfeld 2025).

One of the most remarkable features of the Kraichnan model is that the scalar
field θ exhibits intermittent statistics even though the driving velocity field is
Gaussian. Broadly defined, intermittency refers to the breakdown of self-similar
behavior for multipoint statistics, typically signaled by anomalous (multifractal)
scaling and increasing departures from Gaussianity as one moves down to smaller
and smaller scales. In turbulence studies, a standard diagnostic is the flatness
anomaly, e.g. scale dependency for the flatness of the scalar increments ∆θ =
θ(x+ℓ)−θ(x) (Chevillard 2015; Benzi & Toschi 2023). More concretely, denoting
the scalar structure functions by

Sθ
p(ℓ) = E [|θ(x+ ℓ)− θ(x)|p] ∝ ℓζ

θ
p , |ℓ| = ℓ, (1.3)

the flatness is defined as the ratio

F θ
4 (ℓ) =

Sθ
4(ℓ)

(Sθ
2(ℓ))

2
∝ ℓ−∆4(h), ∆4(h) = 2ζθ2 − ζθ4 . (1.4)

A positive flatness exponent ∆4(h) > 0 indicates a non-trivial scale-dependency
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for the fourth-order statistics, implying that scalar increments become increasingly
non-Gaussian and heavy tailed at small scales.

In the Kraichnan model, numerical estimates for the flatness exponent ∆4(h)
were obtained in the late 90’s via Lagrangian Monte-Carlo methods (Vergassola
& Mazzino 1997; Frisch et al. 1999; Mazzino & Muratore-Ginanneschi 2000),
where the moments of the scalar are estimated from stochastic particle tra-
jectories using Feynman-Kac representations. The advection-diffusion equation
(1.1) is bypassed entirely and the passive scalar field itself is not simulated—
instead replaced by Cholesky factorisation of N -point correlators. On the other
hand, Eulerian simulations apply a spatio-temporal discretization of (1.1) with
suitable care for the underlying stochastic calculus, evolving θ directly on a grid.
Standard references are Chen & Kraichnan (1998) and Fairhall et al. (1997),
which consider two-dimensional advection—we are unaware of more recent stud-
ies. Both studies tend to overestimate the scaling exponents for second-order
statistics when h > 1/2, and underestimate them when h < 1/2, respectively.
The former does not report results for the flatness exponent, while the latter
suggests ∆4(h) ≃ 0.5 for h ≃ 0.5. To this date the Lagrangian simulations
of Frisch et al. (1999) therefore remain the main numerical benchmark for the
signature of intermittency in scalar statistics. Analytical predictions for ∆4(h)
are available from perturbative expansions around solvable Gaussian limits. These
include the cases h → 0 (Bernard et al. 1998), h → 1 (Pumir et al. 1997) in any
dimension, together with the limit d → ∞ (Chertkov & Falkovich 1996). The
numerical estimates obtained from the Lagrangian schemes are consistent with
these perturbative calculations (Vergassola & Mazzino 1997; Mazzino & Muratore-
Ginanneschi 2000). As an aside, the flatness anomaly in the Kraichnan model is
of the same order of magnitude as that observed for passive scalar advection
in a 3D homogeneous incompressible Navier-Stokes velocity field; the classical
Kolmogorovian phenomenology prescribes h = 1/3 for the velocity and direct
numerical simulations suggest ∆4(h) ≃ 0.35 for the scalar (Watanabe & Gotoh
2004; Gotoh & Watanabe 2015; Iyer et al. 2018).

In this work, we revisit the Kraichnan model from the numerical point of
view and perform a systematic study of the Kraichnan passive scalar in steady-
state, focusing on the intermittency of θ. We work on the two-dimensional torus
and use the classical pseudo-spectral method for the spatial discretization; the
time integration is carried out by explicit Runge–Kutta schemes. Our Eulerian
simulations successfully recover the Lagrangian results of Frisch et al. (1999)
once the appropriate inertial scaling ranges are identified. For larger values of h,
finite-size effects dominate, which progressively erase the inertial-range scaling.
These effects come from the presence of numerical dissipation and from the
slow convergence of random Fourier series describing the scalar. We however
display a finite-size scaling prediction that accounts for resolution constraints
and agrees well with the numerical data across the full range of h. Beyond the
scaling exponents, our simulations provide access the full statistics of the scalar
increments, revealing deviations from log-normal scaling. These deviations vary
non-monotonically with h and are most pronounced for h ≃ 1/2.

The motivation for yet another numerical study of the Kraichnan model is
twofold. First, the early Eulerian simulations of Chen & Kraichnan (1998) and
Fairhall et al. (1997) are largely confined to a few values of h and do not span the
allowed range (0, 1) in a satisfactory manner; in this work, we perform extensive
simulations covering the full range. A central outcome of this study is the system-
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atic identification of how simulation parameters, such as the molecular diffusivity
κ, must be adjusted as a function of h in order to obtain reliable results, from
second-order statistics to the flatness exponent ∆4(h). This analysis is summarized
in the form of a practical table (see Table 2), providing guidelines for the choice
of parameters needed to produce accurate simulations at each value of h. Second,
and more forward-looking, we aim to establish the capabilities and limitations of
Eulerian Kraichnan simulations, with a view toward extensions of the Kraichnan
model for which Lagrangian methods are not readily available or where zero-
mode theory does not provide perturbative predictions. Let us elaborate on this
point. As mentioned earlier, real turbulent flows are not Gaussian, exhibiting
signatures of intermittency at the level of the carrier flow itself. In recent years,
considerable effort has been devoted to the construction of synthetic random
velocity fields that incorporate this intermittent, multifractal structure observed
in real turbulent flows. This program was initiated by Robert & Vargas (2008)
and has been developed extensively by Chevillard and collaborators (Chevillard
et al. 2010; Chevillard 2015; Chevillard et al. 2019; Pereira et al. 2016; Chatelain
et al. 2026). The central idea is to obtain more realistic velocity ensembles by
introducing intermittency directly into the velocity field, typically by coupling
a Gaussian component to a Gaussian multiplicative chaos (Rhodes & Vargas
2014)—this provides a stochastic representation of Kolmogorov’s refined similarity
theory (Kolmogorov 1962; Ruffenach & Chevillard 2026).

So far, however, the literature on these multifractal extensions has focused
either on the numerical analysis of the random velocity field itself, or, when
transport is considered, on the motion of Lagrangian particles rather than scalar
fields (Reneuve & Chevillard 2020; Considera & Thalabard 2023). Theoretical
developments for these extensions remain limited (Considera & Thalabard 2026),
and for passive scalar transport they are, to the best of our knowledge, nonex-
istent. A natural first step is therefore to conduct a numerical study of the
transport of passive scalar fields by intermittent, non-Gaussian flows, addressing
the following intriguing question: how does intermittency in the velocity field
affect the intermittency of the passive scalar? This question will be the subject
of a forthcoming companion paper. Since no theoretical predictions are available
in the multifractal setting, Eulerian simulations are the only tool at hand, and a
reliable numerical baseline for the classical Kraichnan model becomes an essential
prerequisite. The present work serves precisely this purpose, and can be seen as
the groundwork for the larger program detailed above.

The remainder of the paper is organized as follows. Section 2 introduces the
Kraichnan model and summarizes the theoretical predictions. Section 3 describes
the pseudo-spectral numerical framework and the computational setup. Section 4
presents the second-order statistics of the random flow and passive scalar. Sec-
tion 5 investigates scalar intermittency through higher-order statistics. Section 6
examines the main finite-size effects of the numerical approximation. Finally,
Section 7 summarizes the main findings and discusses possible directions for future
work.

2. Theoretical background
This section recalls a few basic facts about the Kraichnan model, from its for-
mulation as a stochastic partial differential equation (SPDE) under either Itô

Focus on Fluids articles must not exceed this page length
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or Stratonovich stochastic calculus, to Hopf hierarchy and scaling exponents
estimates.

2.1. SPDE formulation
2.1.1. Stratonovich-Kraichnan
The advection-diffusion equation (1.1) describes the transport of the scalar field θ
by an incompressible velocity field u subject to large-scale stirring and molecular
diffusion. With u being random, the transport term u ·∇θ acts as a multiplicative
noise which requires careful stochastic interpretation. In stochastic differential
form, the simplest (correct) formulation of the Kraichnan model reads

dθt + ◦dUt ·∇θt = κ∆θt dt+ dFt, (2.1)

where ◦ denotes Stratonovich integration. The transport term in the Stratonovich
SPDE (2.1) involves the random flow increment dUt, which is white in time and
correlated in space, while dFt is an independent Gaussian scalar forcing. The
forcing is specified in detail below in § 2.1.3. Comparing Eqs. (2.1) and (1.1), we
have the formal identifications u(x, t) ≡ dUt(x)/dt and f(x, t) ≡ dFt(x)/dt. The
Stratonovich formulation is natural when the white-in-time model is viewed as
the short-correlation-time limit of smooth random flows (see, e.g., Wong & Zakai
1965; Flandoli 2021; Flandoli & Pappalettera 2022). Let us however observe that,
strictly speaking, the process Ut is not a velocity field: dimensional analysis shows
that it has the units of a displacement field, and its spatial correlation kernel scales
as a diffusivity rather than a velocity. We refer to Ut as the generalized velocity
field—following the lecture notes of Gawędzki (2006).

2.1.2. The generalized velocity field
We work on full two-dimensional space R2 and take the generalized velocity field
to be spatially homogeneous and incompressible. Following Chaves et al. (2003),
the field is most easily represented in Fourier variables, e.g.

dUt(x) =

√
D0

Z

∫
R2

dk eik·x
gη(|k|)

(|k|2 + 1)1/2+h/2
k̂⊥dBt(k), (2.2)

where k̂⊥ = (−ky/|k|, kx/|k|). The processes {Bt(k)} are complex Brownian
motions satisfying the Hermitian symmetry

Bt(−k) = Bt(k), (2.3)

so that the generalized velocity field has real-valued components, with their
covariance explicitly given by

E
[
Bs(k1)Bt(k2)

]
= min(s, t) δ(k1 − k2), (2.4)

and with dBt(k) denoting the corresponding stochastic time differential. gη is a
low-pass filter acting as a small-scale regularization, such that gη(k) → 1 (resp.
gη(k) → 0) for k ≪ 1/η (resp. k ≫ 1/η). The parameter h ∈ (0, 1) is the spatial
Hölder exponent of the random flow in the limit η → 0. The coefficients D0 and
Z = Z(η, h) fix the amplitude of the spatial covariance at equal time. Specifically,
the generalized field is specified by the covariance

E
[
dU l

t(x)dU
m
s (x+ ℓ)

]
= δ(t− s) dtDlm(ℓ), (2.5a)



6

Dlm(ℓ) =
D0

Z

∫
k∈R2

dk eik·ℓ
g2η(|k|)

(|k|2 + 1)1+h
P lm(k) (2.5b)

with l,m ∈ {x, y} and P lm(k) = δlm − klkm

|k|2 the (Leray) projector on two-
dimensional divergence-free fields. Eq. (2.5) prescribes the flow to be statistically
isotropic. In particular, the two-point vectorial correlator depends on ℓ = |ℓ| only
as

E [dUt(x) · dUt(x+ ℓ)] = dt TrD(|ℓ|), (2.6a)

TrD(ℓ) =
2πD0

Z

∫
R+

dk J0(kℓ)
k g2η(k)

(k2 + 1)1+h
, (2.6b)

involving the zero-order Bessel function J0. The normalization factor Z is taken
such that TrD(0) = 2D0, implying E [|dUt|2] = 2D0 and Dxx(0) = Dyy(0) = D0.
Note that Dxy(0) = Dyx(0) = 0.

The factor k2 + 1 in the denominator inside the integrand of Eq. (2.6b) acts as
a large-scale cutoff on scale O(1) and disappears in the large-k limit. The precise
shape of the cutoff is an arbitrary choice. Binning the trace over shells of radius
yields the isotropic power spectrum

EU(k) ∼
2πD0

Z

g2η(k)

k1+2h
, k → ∞. (2.7)

This asymptotic regime prescribes the small separation asymptotics in the joint
limit η, ℓ → 0. The order of those limits matters—see Appendix for computational
details. Taking the limit η → 0 first yields the rough decay rates

TrD(ℓ) ≈ 2D0 − 2D1ℓ
2h, D1 := −D0Γ (−h)

22h Γ (h)
, (2.8)

which are independent of the regularization scheme, e.g. of gη. The rough asymp-
totics represents the inertial range scaling and requires the separation of scales
η ≪ ℓ ≪ 1. In particular, the classical Kolmogorovian (K41) turbulence (Kol-
mogorov 1991; Chevillard et al. 2019) regime corresponds to the case h = 1/3.

On the other hand, taking the limit ℓ → 0 first yields the Batchelor regime

TrD(ℓ) ≈ 2D0 − 2D2k
2−2h
η ℓ2, (2.9)

where D2 is a non-universal coefficient depending on the choice of cutoff function
gη. For example,

D2 ∼


D0h

4(1− h)
for the sharp cutoffgη(k) := 1k<kη

D0h

4Γ (1− h)
for the Gaussian cutoffgη(k) := exp

(
− k2

2k2
η

) . (2.10)

The smooth rate of decay requires the separation of scales ℓ ≪ η ≪ 1, which
can be interpreted as representative of a dissipative region. For the reader’s
convenience, Fig. 1 shows the coefficients D1, D2 as a function of h for the case of a
sharp cutoff. They both diverge as h → 1 with D1/D2 = O(1), while D2 = o(D1)
for h → 0.

For finite η, both the inertial and dissipative scaling regions required for
Eq. (2.8) and Eq. (2.9) are obscured by finite size effects, whose importance
depends on the value of the Hölder exponent h. Fig. 2 shows numerical estimates
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Figure 1: Coefficients D1, D2 featured in Eqs. (2.8)–(2.9), taking D0 = 1. The
inset shows the ratio D2/D1.

Figure 2: Numerical estimates of the scaling part SU (ℓ) = 2D0 − TrD(ℓ)
obtained using a Riemann discretization of Eq. (2.6) over integer wave numbers
with the step cutoff gη = 1k<kη , where kη = 1024 and kη = 262144. The thick
grey and red lines indicate the predicted scaling laws 2D1ℓ

2h and 2D2k
2−2h
η ℓ2,

respectively. The insets show the data compensated by the rough scaling ℓ2h

and the vertical lines mark ℓ = η. The three panels correspond to h = 1/6 (left),
h = 1/2 (middle) and h = 5/6 (right).

of the scaling contributions SU(ℓ) := 2D0 − TrD(ℓ) estimated using a Riemann
discretization of Eq. (2.6) over integer wave numbers with the step cutoff
gη = 1k<kη

. The rough scaling regime ∝ ℓ2h is most clearly observed for h ≃ 1/2.
As h decreases towards 0, the inertial range gets narrower, and is seen over the
effective scaling region η ≪ ℓ ≲ 1. For example, one must resolve the rather
prohibitive cutoff kη = 262144 to observe even one decade of scaling for h = 1/6.
A similar narrowing of the inertial range is seen for h → 1, except that it instead
develops over the effective region η ≲ ℓ ≪ 1.

To conclude, we point out that the covariance structure decomposes into longi-
tudinal and transverse components as

D(ℓ) = D∥(ℓ)ℓ̂⊗ ℓ̂+D⊥(ℓ)ℓ̂⊥ ⊗ ℓ̂⊥, (2.11a)

D∥(ℓ) =
πD0

Z

∫
R+

dk
(
J0(kℓ) + J2(kℓ)

) k g2η(k)

(k2 + 1)1+h
, (2.11b)

D⊥(ℓ) =
πD0

Z

∫
R+

dk
(
J0(kℓ)− J2(kℓ)

) k g2η(k)

(k2 + 1)1+h
, (2.11c)

Each contribution admits rough and smooth asymptotic behavior, e.g. D∥(ℓ) ≈
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D0−D
∥
1ℓ

2h, etc. The corresponding scaling coefficients, with notations paralleling
Eqs. (2.8)–(2.9) are

D
∥
1 =

D1

1 + h
, D⊥

1 =
(1 + 2h)D1

1 + h
, D

∥
2 =

D2

2
, D⊥

2 =
3D2

2
. (2.12)

Note that in coordinate form, Eq. (2.11) implies Dij(ℓ) =
(
D∥(ℓ)−D⊥(ℓ)

)
ℓiℓj/ℓ

2+
D⊥δij for i, j ∈ {x, y}. The longitudinal and transverse correlators then
determine the corresponding structure functions, e.g. S

∥
2 = 2

(
D∥(0)−D∥(ℓ)

)
,

and S⊥
2 = 2

(
D⊥(0)−D⊥(ℓ)

)
.

2.1.3. Itô-Kraichnan
It proves convenient to reformulate the Kraichnan transport (2.1) in its equivalent
Itô form. Let us first specify the scalar forcing. Common choices in the turbulence
literature include random forcing or gradient forcing (Gotoh & Watanabe 2015).
We here restrict our analysis to the former case, and prescribe the forcing to be
Gaussian, white in time, spatially homogeneous and isotropic, and independent
from the generalized velocity field:

dFt(x) =

∫
R2

dk eik·xϕ(k) dWt(k), (2.13)

where the processes {Wt(k)} are complex Brownian motions satisfying the Hermi-
tian symmetry (2.3) and independent from the processes Bt(k) entering the gener-
alized field (3.1). We take the Fourier kernel ϕ concentrated at small wavenumbers,
so that the scalar variance is injected at large scales, e.g.

ϕ(k) =

√
εθ
πk2

f

exp

[
−1

2

(
|k|
kf

)2
]
, (2.14)

where kf represents the forcing scale, εθ the injection rate of scalar variance. In
physical space, Eqs. (2.13) and (2.14) imply that the forcing has covariance

E [dFt(x)dFs(x+ ℓ)] = δ(t− s) dt Φ(|ℓ|), Φ(ℓ) = εθ exp

(
−
k2
fℓ

2

4

)
. (2.15)

The Itô version of the Stratonovich-Kraichnan transport (2.1) driven by the
generalized field (3.1) under the scalar forcing (2.13) is (see, e.g., Rowan 2024;
Drivas et al. 2025)

dθt + dUt ·∇θt =

(
κ+

D0

2

)
∆θt dt+ dFt, (2.16)

where we recall the definition D0 = TrD(0)/2 from Eq. (2.6) for the diffusion
coefficient. Using Itô calculus, one verifies that the Itô drift term

(
D0

2

)
∆θt dt

ensures, in the absence of diffusivity and forcing, that the scalar is transported
along the Lagrangian trajectories, e.g. θt(Xt) = θ0(X0) almost surely for random
trajectories satisfying dXt = dUt(Xt). While the Stratonovich formulation of
Eq. (2.1) and the Itô formulation of Eq. (2.16) are mathematically equivalent,
their respective merits serve different purposes. The Stratonovich formulation
will prove useful for numerical simulations, while the Itô proves convenient for
theoretical developments.
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2.2. Statistical properties
2.2.1. Hopf hierarchy
The Kraichnan model yields a recursive Hopf hierarchy for the n-point scalar
correlation functions

Cn(x1, . . . ,xn, t) = E [θt(x1) · · · θt(xn)] . (2.17)

The hierarchy can be derived from stochastic calculus starting from the Itô
formulation in Eq. (2.16). In full generality, it prescribes the order-by-order
relations

d

dt
Cn(x1, · · · ,xn, t) = MnCn +

∑
1⩽i<j⩽n

Φ(|ℓij|)Ĉij
n−2, ℓij := xj − xi, (2.18)

where the n-particle propagator Mn is given by

Mn := κ
n∑

i=1

∆i +
D0

2

(
n∑

i=1

∇i

)2

−
∑

1⩽i<j⩽n

(D(0)−D(ℓij)) : ∇i ⊗∇j, (2.19)

and Ĉij
n−2 denotes the reduced (n− 2)-point scalar correlation function obtained

by omitting the fields at xi and xj in Eq. (2.17), e.g. Ĉij
n−2 = E

[∏n
k=1
k ̸=i,j

θt(xk)

]
.

The subscript i indicates that the differential operator acts on the variable xi, e.g.
∆1 = ∂2

x1x1
+∂2

y1y1
and : denotes Frobenius inner product. Note that in coordinate

form, the operator Mn reads

Mn =

(
κ+

D0

2

) n∑
i=1

(
∂2
xixi

+ ∂2
yiyi

)
+D0

∑
1⩽i<j⩽n

(
∂2
xixj

+ ∂2
yiyj

)
−

∑
1⩽i<j⩽n

∑
l,m∈{x,y}

(Dlm(0)−Dlm(ℓij)) ∂
2
limj

. (2.20)

Eq. (2.18) combined with the asymptotic relations of § 2.1.2 determines the
asymptotic behavior of the scalar correlation functions and of the structure
functions defined in Eq. (1.3).

2.2.2. Two-point correlations and dimensional scaling
Taking n = 2 in the Hopf hierarchy of Eq. (2.18) yields

d

dt
C2(x1,x2, t) = M2 C2 + Φ (|ℓ|) , ℓ := x2 − x1, (2.21)

with the two-particle propagator M2 taking the form

M2 = κ(∆1 +∆2) +
D0

2
(∇1 +∇2)

2 −
(
D(0)−D(ℓ)

)
: ∇1 ⊗∇2. (2.22)

In the stationary state, and assuming statistical homogeneity and isotropy for the
scalar covariance, e.g. C2(x1,x1 + ℓ, t) = C2(ℓ), this becomes

M◦
2C2(ℓ) = −Φ(ℓ), (2.23a)

M◦
2(κ) = 2κℓ−1∂ℓ (ℓ∂ℓ) +

(
D0 −D∥

)
∂2
ℓℓ + (D0 −D⊥) ℓ

−1∂ℓ. (2.23b)
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In the rough regime η ≪ ℓ ≪ 1 of Eq. (2.8), the operator simplifies to

M◦
2(κ) ≈ ℓ−1∂ℓ

((
2κ+

D1

1 + h
ℓ2h
)
ℓ∂ℓ

)
, (2.24)

which yields the scaling laws

Sθ
2(ℓ) := 2 (C2(0)− C2(ℓ)) ∼


εθ
2κ

ℓ2, ℓ ≪ ηθ
εθ
D1

1 + h

1− h
ℓ2−2h, ℓ ≫ ηθ,

(2.25)

The scaling relations (2.25) feature the scalar dissipative scale

ηθ =

(
2κ

D1

)1/2h

. (2.26)

In our computational setup later described in Section 3, we choose the diffusivity
as

κ ∝ D1η
2h. (2.27)

This ensures that ηθ ≃ η, making the inertial range of scalar and velocity
coincide. This is akin to considering Schmidt numbers of order unity (Donzis
et al. 2014). In the smooth regime ℓ ≪ η ≪ 1 of Eq. (2.9), the two-particle
operator is dominated by its diffusive part, that is M◦

2 ≃ 2κℓ−1∂ℓ (ℓ∂ℓ) and this
again yields the asymptotics ℓ ≪ ηθ featured in Eq. (2.25). These asymptotics
imply anomalous scalar dissipation in the stationary state, through the identity
εθ = limκ→0 limx2→x1

κE [∇1θ(x1) · ∇2θ(x2)].

2.2.3. Flatness anomaly
Dimensional analysis would suggest a monofractal scaling in the inertial range as

Sθ
p(ℓ) = E [|δℓθ|p] ∝ ℓp(1−h). (2.28)

This prediction proves correct for p = 2 (see Eq. (2.25)) but it is violated for
higher orders, with the scalar exhibiting anomalous scaling in the form

Sθ
p(ℓ) ∼ ℓζ

θ
p , ζθp ̸= p(1− h) for p > 2. (2.29)

In the Kraichnan model, anomalous scaling comes from the operator Mn having
non-trivial homogeneous isotropic zero-modes Zn satisfying

M◦
nZn = 0, (2.30)

which prescribe the inertial-range behavior of the correlation functions, and
relate to statistical Lagrangian conservation laws (Gawędzki & Kupiainen 1995;
Falkovich et al. 2001). The zero-mode exponents prove however cumbersome to
extract in full generality. In practice, they are available only through perturbative
computations. Estimates for the anomalous correction of the flatness exponent

∆4(h) = 2ζθ2 − ζθ4 , (2.31)

can be obtained in limiting regimes. Near the discontinuous-flow limit, they take
the form (Gawędzki & Kupiainen 1995; Adzhemyan et al. 1998, 2001; Bernard
et al. 1998)

∆4(h) ∼ 2h+ 0.92624h2 +O(h3), h → 0. (2.32)

Rapids articles must not exceed this page length
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In the Batchelor limit h → 1, estimates are not as crisp, but one expects
perturbation series in powers of γ = (1 − h)1/2 (Pumir et al. 1997; Frisch et al.
1999) leading to

∆4(h) ∼ (4− 2a)(1− h)− 23/2b(1− h)3/2 +O
(
(1− h)2

)
, h → 1, (2.33)

where Lagrangian estimates of Frisch et al. (1999) suggest a ≃ 0.06 and b ≃
1.13. We refer the reader to Antonov (2006) for a comprehensive review of the
renormalization group approach to anomalous scaling in passive advection models.

3. Computational setup
This section describes the finite-dimensional numerical realization of the Kraich-
nan model, specifying the construction of the random flow on the torus, the
stochastic time integration and the pseudo-spectral discretization, and our choices
of physical parameters.

3.1. Numerical implementation on the torus
All simulations are performed on the two-dimensional torus T2 = [0, 2π]2. The
generalized velocity and scalar fields are discretized on a uniform grid with N2

points. The generalized velocity field is constructed as a finite-dimensional approx-
imation of the Kraichnan velocity field (3.1), replacing the integral representation
by a finite sum over integer wavenumbers k ∈ Z2. At each timestep, the velocity
increments are sampled over the time interval [tn, tn+1] as

∆Un(x) =

√
D0

Z

∑
0<|k|⩽N/3

eik·x
gη(|k|)

(|k|2 + 1)1/2+h/2
k̂⊥µ(k)

√
∆t, (3.1)

where ∆t = tn+1 − tn, and the complex random variables µ(k) =
(
µx(k) +

iµy(k)
)
/2 are sampled from the centered Gaussian variables µl(k) with covari-

ance E [µl(k1)µm(k2)] = δlm δ(k1 − k2). The mode k = 0 is excluded from the
summation, ensuring that the velocity field has zero spatial mean almost surely.
As a small-scale regularization, we use the gaussian filter

gη(k) = exp

[
−1

2

(
|k|
kη

)2
]
, (3.2)

where kη = 2π/η is the regularizing (Kolmogorov) wavenumber. The normaliza-
tion factor

Z =
∑
k̸=0

gη(|k|)
(|k|2 + 1)1+h

(3.3)

ensures that the total variance of the random flow increment is fixed by the
parameter D0, that is E [∆Un(x) ·∆Un(x)] = 2D0∆t as in § 2.

Similarly, the additive forcing increments (2.13) are also discretized into random
Fourier series as

∆Fn(x) =
1√
Z̃

∑
0<|k|⩽N/3

eik·xϕ(k) µ̃(k)
√
∆t, (3.4)

using the Gaussian spectral kernel (2.14), characterized by the scalar injec-
tion rate εθ and forcing wavenumber kf . The extra-normalization factor Z̃ =



12∑
k̸=0 |ϕ(k|2/

√
εθ compensates the discretization effects, in order to ensure the

energy injection rate ϵθ = E∆Ft(x)
2/∆t. The random variables µ̃(k)

law∼ µ(k) are
sampled independently at each timestep.

3.2. Pseudo-spectral discretization and time integration
Restricting the summation to wavenumbers 0 < |k| ⩽ N/3 in Eqs. (3.1) and
(3.4) is consistent with the standard 2/3-dealiasing rule used in pseudo-spectral
methods. Spatial derivatives are computed in Fourier space, while products are
evaluated in physical space, transformed back to Fourier space, and projected
onto the modes |k| ⩽ N/3 (Orszag 1971; Canuto et al. 2006). Time integration is
performed using explicit Runge–Kutta (RK) schemes adapted to the Stratonovich
formulation of Eq. (2.1). During each time step, a single realization of the random
flow increment ∆Un is sampled according to Eq. (3.1) and kept fixed throughout
all RK stages. This frozen-noise convention corresponds to the standard stage-wise
interpretation of Stratonovich transport discretizations, and is consistent with the
stochastic Heun and strong-stability-preserving Runge–Kutta (SSPRK3) schemes
developed for transport-noise SPDEs (Garcia-Alvarez 2011; Cotter et al. 2019).

The present work relies on two stochastic time-integration schemes: a frozen-
noise RK4 scheme used for all production runs, and an exponential RK4 variant
employed for robustness checks.

3.2.1. Frozen-noise RK4 scheme
Let P2/3 denote the spectral projection onto the dealiased modes,

P2/3f =
∑

|k|⩽N/3

fke
ik·x, fk =

1

(2π)2

∫
T2

f(x)e−ik·x dx,

and define the transport–diffusion operator

Kn(θ) = −P2/3

(
∆Un ·∇θ

)
+ κ∆θ∆t,

where the same realization of the random flow increment ∆Un is used throughout
the RK stages. The additive forcing increment over one time step is denoted by
∆Fn and is sampled according to Eq. (3.4).

The RK4 update reads

θn+1 = θn +
1

6
(k1 + 2k2 + 2k3 + k4) +∆Fn, (3.5)

with

k1 = Kn(θ
n), (3.6a)

k2 = Kn

(
θn +

k1
2

)
, (3.6b)

k3 = Kn

(
θn +

k2
2

)
, (3.6c)

k4 = Kn (θ
n + k3) . (3.6d)

Since the same realization of ∆Un is used in all four stages, this method should
be interpreted as a frozen-noise RK discretization of the Stratonovich transport
equation, rather than as a classical RK4 method applied to the full SPDE.
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3.2.2. Exponential RK4 variant
The exponential RK4 scheme integrates the linear diffusion operator exactly
through half-step integrating factors, while the advection is advanced using the
same frozen-noise RK4 strategy. Owing to the additive nature of the forcing, its
contribution is incorporated through the exact stochastic convolution associated
with the integrating factor. Let

E1/2 = exp

(
κ∆∆t

2

)
,

and define the advection operator

An(θ) = −P2/3

(
∆Un ·∇θ

)
.

The forcing contribution over one time step is

fn(t) =

∫ tn+1

tn

exp ((tn+1 − s)κ∆) dFs =
∑

|k|⩽N/3

eik·xηn(k), (3.7)

which is a centered Gaussian random field. Each of its Fourier modes has variance

E
[
|ηn(k)|2

]
= |ϕ(k)|2 1− e−2κ|k|2∆t

2κ|k|2
, (3.8)

with the continuous limit

E
[
|ηn(k)|2

]
= |ϕ(k)|2∆t as κ|k|2 → 0. (3.9)

The exponential RK4 update is

θn+1 = E1/2

[
θ(0) +

1

6
(a1 + 2a2 + 2a3 + a4)

]
+ fn, (3.10)

where θ(0) = E1/2θ
n, and

a1 = An(θ
(0)), (3.11a)

a2 = An

(
θ(0) +

a1

2

)
, (3.11b)

a3 = An

(
θ(0) +

a2

2

)
, (3.11c)

a4 = An

(
θ(0) + a3

)
. (3.11d)

3.3. Numerical parameters
The parameters common to all simulations are summarized in Table 1. The
scalar diffusivity is tuned depending on both the roughness parameter h and
the numerical resolution. It is parametrized as

κ = Cκ

D0

Z
k−2h
η , (3.12)

where Z is the discrete normalization factor defined in Eq. (3.3), D0 is the
amplitude of the generalized field, kη is the regularizing wavenumber, and Cκ

is a dimensionless coefficient. In principle, in accordance with the prescription of
Eq. (2.27), we should choose Cκ such that CκD0/Z = O(D1) where D1 controls
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Parameter Value

Domain [0, 2π]2

Amplitude of the generalized velocity field D0 = 1
Forcing scale kf = 2
Scalar injection rate εθ = 1
Regularization scale kη = N/4

Table 1: Common parameters used in the numerical simulations.

h 0.1 0.2 0.33 0.4 0.5 0.6 0.67 0.8 0.9

Cκ 6.5 4 2.7 2 1 0 0 0 0
D0Cκ/Z 0.31 0.30 0.32 0.29 0.19 0 0 0 0
D1 0.98 0.96 0.96 0.96 1 1.1 1.2 1.6 2.8

Table 2: Roughness-dependent numerical parameters. The value of Z, defined in
Eq. (3.3), is computed using N = 1024 modes and the sharp cutoff

gη(k) = 1k<N/3, but is essentially independent of the resolution. The coefficient
D1 is defined in Eq. (2.8).

the decay of the generalized field in the rough regime; see Eq. (2.8). In practice,
though, Cκ is tuned empirically as a function of h to stabilize the small-scale
scalar statistics while preserving an intermediate scaling range. For h ⩽ 1/2,
we report results with CκD0/Z ≃ D1/3. For larger values of h, we find that
the numerical diffusion introduced by the time-integration scheme dominates any
prescribed scalar diffusivity. We therefore simply set κ = 0 in these cases. Table 2
summarized the parameters used in the simulations. Finally, the resolution-
dependent numerical parameters are summarized in Table 3. These values are
used for the convergence tests reported in Section 6.2. The 2/3-rule dealiasing
discards all the modes satisfying |k| > N/3; the maximum effective wavenumber
is therefore kmax = N/3.

3.4. Qualitative overview
Figure 3 displays representative snapshots of one component of the generalized ve-
locity field u := ∆U/∆t1/2, the passive scalar, and the scalar-gradient amplitude
at the final time t = 100, for representative roughness exponents ranging from
the nearly-discontinuous to the smooth case. As h increases, the velocity field
becomes progressively smoother, with more coherent large-scale structures. By
contrast, the scalar field develops sharper fronts and finer-scale filaments, which
are also reflected in the increasingly intense and localized gradient structures.
These snapshots provide a first qualitative indication that the regularity of the
random flow and that of the transported scalar are dual to each other, with
∆θ2 ∝ ℓ2(1−h) as expected from the inertial-range estimate of Eq. (2.25).
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Resolution N2 kmax kη ∆t

5122 170 128 5× 10−5

10242 341 256 10−5

20482 682 512 10−6

Table 3: Resolution-dependent numerical parameters used in the convergence
tests.

h = 0.1 h = 0.33 h = 0.5 h = 0.67 h = 0.9

0.4

0.2

0.0

0.2

0.4

u

3

2

1

0

1

2

3

101

102

| |

Figure 3: Sample snapshots at time t = 100 for representative roughness
exponents h. Top row: one component of the random flow u. Middle row:

passive scalar θ. Bottom row: scalar-gradient amplitude |∇θ|.

4. Second-order statistics
Here we investigate the second-order statistics of the random generalized velocity
field and of the passive scalar.

4.1. Global quantities
We first present the numerical results on global-in-space quantities, such as the
L2 norms of θ and ∇θ, for various values of the roughness exponent h. We
then analyze isotropic spectra and second-order structure functions of U and
θ, and compare the numerical results with the theoretical scaling predictions. We
conclude by assessing the robustness of these diagnostics with respect to spatial
resolution by comparing results obtained at N = 512, 1024, and 2048. Unless
otherwise stated, the results shown in this section are computed at resolution
N = 2048.

Figure 4(a) shows the time evolution of the spatial L2 norm of the scalar,
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Figure 4: Time evolution of global scalar quantities for one pathwise realization
and representative roughness exponents. (a) Spatial L2 norm of the scalar θ. (b)
Spatial L2 norm of the scalar gradient ∇θ. Both vertical axes are logarithmic.

while Figure 4(b) shows the corresponding evolution of the L2 norm of its
gradient. Here and throughout, we use the normalized spatial L2 norm, ∥θ∥L2

=(
1

(2π)2

∫
T2 θ

2 dx
)1/2. One can observe that, after a short transient, both quantities

fluctuate around statistically stationary levels, with the amplitude of the scalar
norm depending only moderately on h, whereas the amplitude of its gradient
increases by several orders of magnitude when moving from rough to smooth flows.
This quantitative trend confirms the qualitative picture of Figure 3, where sharper
fronts and finer-scale gradient structures are generated as h increases. In what
follows, all time-averaged statistics are evaluated over the interval 20 ⩽ t ⩽ 100,
after discarding the initial transient.

The saturation of the gradient allows us to estimate an effective numerical
diffusivity as

κeff =
εθ

E∥∇θ∥2L2

, (4.1)

shown in Figure 5. We find that κeff remains non-zero even for h > 0.5, indicating
that the time-integration scheme introduces an effective numerical dissipation
allowing for a steady-state. The choice of setting Cκ = 0 in these runs is therefore
effectively equivalent to choosing Cκ < 1, as the explicit scalar diffusivity is then
subdominant to the numerical one.

4.2. Spectra and second-order structure functions
We next turn to scale-dependent second-order statistics. Figure 6 shows the time-
averaged isotropic spectra as functions of the roughness exponent h, together with
the corresponding compensated spectra in the insets. Figure 6(a) shows that the
flow spectra reproduce the prescribed scaling Eu(k) ∝ k−2h−1 over a broad range
of scales, as expected from the spectral construction of the random velocity field.

Figure 6(b), on the other hand, displays the corresponding scalar spectra.
As h increases, the scalar spectrum becomes less steep and contains relatively
more energy at high wavenumbers. This is again consistent with the sharper
scalar fronts showcased in the snapshots in Figure 3 and with the increase of
the scalar-gradient norm shown in Figure 4(b). The scalar spectra indicate that
the predicted scaling Eθ(k) ∝ k2h−3 is reasonably recovered over an intermediate
range of wavenumbers from small values of h up to approximately h = 2/3.
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Figure 5: Comparison between the prescribed scalar diffusivity coefficient
κ′ = (C′

κ/Z)k−2h
η with C′

κ = max(1, Cκ) (blue circles) and the effective
diffusivity κeff = εθ/E∥∇θ∥22 (red squares) as functions of the flow roughness

exponent h.

101 102

k

10 8

10 7

10 6

10 5

10 4

10 3

10 2

10 1

E(
k)

(a) Velocity spectra

Eu(k)/k 2h 1

101 102

k

10 8

10 6

10 4

10 2

100
(b) Scalar spectra

E (k)/k2h 3

h
0.1
0.2
0.33
0.4
0.5
0.6
0.67
0.8
0.9

Figure 6: Time-averaged isotropic spectra as functions of the roughness
exponent h. (a) Velocity spectra Eu(k), with dashed lines indicating the

prescribed scalings Eu(k) ∝ k−2h−1. (b) Scalar spectra Eθ(k), with dashed lines
indicating the predicted scalings Eθ(k) ∝ k2h−3. Insets show the spectra

compensated by the corresponding theoretical power laws.

Near the smooth-flow limit (h → 1), the spectra exhibit a pronounced high-
wavenumber roll-off—a signature of the finite Fourier mode representation of
the velocity field propagating into the scalar spectrum through the transport
dynamics. By contrast, near the rough-flow limit (h → 0), the scalar spectra
display the predicted behavior over an intermediate range when enough diffusion
is imposed, as specified in Table 2. We discuss the influence of finite-size effects
on the scalar statistics in more detail later in Section 6.

Figure 7 provides the corresponding physical-space characterization. Figure 7(a)
reports the longitudinal second-order structure functions Su

2 (ℓ) of the random
velocity. While the prescribed power-law scaling is exact in Fourier space, its
physical-space counterpart is affected by the finite spectral band available on the
computational grid. As a result, the expected monofractal scaling behavior can
only be recovered over a limited range of scales. The scaling Su

2 (ℓ) ∝ ℓ2h is most
clearly observed for 1/3 ⩽ h ⩽ 2/3, for which the compensated curves display a
plateau over the inertial range. For smaller h, the plateau is displaced towards
larger separations, whereas for larger h it moves towards smaller scales. This
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Figure 7: Second-order structure functions as functions of the roughness
exponent h. (a) Longitudinal velocity structure functions Su

2 (ℓ), with dashed
lines indicating the predicted scalings Su

2 (ℓ) ∝ ℓ2h. (b) Scalar structure
functions Sθ

2 (ℓ), with dashed lines indicating the dual scaling behavior
Sθ
2 (ℓ) ∝ ℓ2(1−h). Insets show the structure functions compensated by the

corresponding theoretical power laws.

indicates that larger scale separation, or equivalently more numerical resolution,
would be needed to recover the theoretical scaling law over a wider range of spatial
scales near the asymptotic regimes h → 0 and h → 1.

The scalar second-order structure functions are displayed in Figure 7(b). The
theory of Kraichnan flows predicts a dual scaling behavior for the passive scalar,
namely Sθ

2(ℓ) ∝ ℓ2(1−h) for separations in the inertial range; see Eq. (2.28).
The numerical results corroborate this dual behavior: as h increases, the scalar
exponent 2(1−h) decreases, and the scalar structure functions become less steep.
The compensated curves reveal an inertial range plateau for h ⩽ 2/3, indicating
that the theoretical scaling law is recovered in this regime. Near the smooth-
flow limit h → 1, however, the plateau is strongly reduced and appears only
over a narrow range close to the large-scale end of the resolved interval. This
reflects the increasing roughness of the scalar field: smoother velocities produce
rougher scalars, which require higher resolution to resolve. Consequently, the
scalar statistics are strongly affected by the finite spectral representation of the
velocity field when h is large. By contrast, near the discontinuous-flow limit h → 0,
the theoretical scalar scaling can be observed once the dissipative scale is properly
controlled.

4.3. Effect of numerical resolution
We finally assess the robustness of the second-order statistics with respect to
spatial resolution. Figure 8 compares the time-averaged spectra obtained at
N = 512, 1024, and 2048, for representative roughness exponents spanning
different regimes. For visual clarity, the curves are shifted vertically. For the
random velocity field, shown in Figure 8(a), the spectra at different resolutions
collapse well over their common resolved range. Increasing N mainly shifts the
high-wavenumber cutoff to larger values of k, thereby extending the range over
which the prescribed spectral scaling is observed.

Figure 8(b) shows the corresponding scalar spectra, for which we obtain a
similar convergent behavior: for small and intermediate values of h, the spectra at
different resolutions agree well over their common resolved range, and increasing
N also extends the high-wavenumber range, similar to the velocity case. For
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Figure 8: Resolution convergence of the time-averaged spectra. (a) Velocity
spectra Eu(k). (b) Scalar spectra Eθ(k). The curves are shown for representative
roughness exponents h = 0.1, 0.33, 0.67, 0.9 and resolutions N = 512, 1024, 2048.
A roughness-dependent factor Ch is used only to separate the curves vertically.

Black dash-dotted lines indicate the corresponding theoretical slopes.

h = 0.9, the scalar spectra at different resolutions still collapse over their common
resolved range, but the inertial range at a given resolution is narrower than for
other values of h. Recovering a comparable extent of scaling range therefore
requires higher resolution. This suggests that, for larger h, convergence of the
scalar statistics with respect to resolution is slower than for smaller values of h.

We also conduct a similar convergence study in physical space. Figure 9(a)
reports the longitudinal second-order structure functions of the random velocity.
The curves at different resolutions agree well over most of the common range of
separations, while resolution effects are mainly visible at the smallest separations.
These effects are more pronounced for small h, reflecting the difficulty of repre-
senting very rough random fields with a finite number of Fourier modes. For larger
h, the flow structure functions are less sensitive to resolution at small separations.

Figure 9(b) shows the scalar second-order structure functions. Here the res-
olution dependence displays the opposite tendency. For small and intermediate
values of h, the curves collapse comparatively well over the intermediate range of
separations, once the dissipative scale is properly controlled. For h = 0.9, however,
the scalar structure functions converge more slowly over the apparent inertial
range: doubling the resolution does not bring the structure functions noticeably
closer to the predicted scaling; they remain far from the theoretical behavior even
at the highest resolution considered. This dual convergence behavior is consistent
with the opposite dependence of the velocity and scalar regularities on h: rougher
flows are harder to represent directly in physical space, whereas smoother flows
generate rougher scalar fields whose inertial-range statistics require larger scale
separation.

Overall, the second-order diagnostics show a consistent dual dependence on
the roughness exponent. Increasing h smooths the prescribed random flow, but
roughens the transported scalar, leading to stronger gradients and enhanced high-
wavenumber scalar content. The theoretical second-order scalar scaling is well
recovered over an inertial range of scales for h ⩽ 2/3. Near the smooth-flow limit
(h → 1), finite-size effects and limited scale separation become the dominant
numerical limitations. These effects are analyzed in more detail in Section 6.
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Figure 9: Resolution convergence of the second-order structure functions. (a)
Longitudinal random-flow structure functions S

∥
2 (ℓ). (b) Scalar structure

functions Sθ
2 (ℓ). The curves are shown for representative roughness exponents

h = 0.1, 0.33, 0.67, 0.9 and resolutions N = 512, 1024, 2048. A
roughness-dependent factor Ch is used only to separate the curves vertically.

Black dash-dotted lines indicate the corresponding theoretical slopes.

5. Characterization of intermittency
We now investigate the intermittent nature of the passive scalar through higher-
order statistics. We first examine the scale dependence of the local flatness,
along with the associated fourth-order anomaly ∆4(h). We then show numerical
results for the probability density functions (PDFs) of scalar increments, readily
accessible within our Eulerian simulations, which provide a more complete de-
scription of the non-Gaussian character of the scalar fluctuations. We conclude
by analyzing the higher-order scaling exponents ζθp and their departure from log-
normal behavior.

5.1. Flatness anomaly
Numerical results for the flatness F θ

4 (ℓ) (see Eq. (1.4)) are presented in Figure 10.
Panel (a) reveals a systematic growth of the flatness towards smaller separations,
for every value of h. More specifically, at large separations, the flatness approaches
the Gaussian reference value F4 = 3, whereas at small separations it becomes
substantially larger, indicating that scalar increments become increasingly non-
Gaussian at small scales. Equivalently, rare intense scalar fluctuations contribute
more strongly to high-order moments than one would expect from the naive
dimensional prediction—a hallmark of intermittency in turbulent flows. We also
observe that the dependence on h is not monotone. The growth of the flatness is
more pronounced for intermediate values of h, while the roughest and smoothest
cases display weaker deviations from Gaussianity over the resolved range.

In panel (b) we show results for the flatness exponent ∆4(h), defined in
Eq. (2.31), as a function of h. We recall that a positive value of ∆4(h) measures
the departure from the self-similar relation ζθ4 = 2ζθ2 . The exponent ∆4 is
estimated by fitting the local flatness according to F θ

4 (ℓ) ∼ ℓ−∆4 over an h-
dependent nominal fitting window. These nominal windows are indicated by
the markers in Figure 10(a). They are chosen from the approximate plateau
ranges observed in the compensated scalar second-order structure functions
in Figure 7(b), so that the fourth-order fit is performed over the range where
the second-order scalar scaling is best observed. To estimate the uncertainty
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Figure 10: Fourth-order statistics of the passive scalar. (a) Local flatness F θ
4 (ℓ)

for representative roughness exponents h; the dashed horizontal line indicates
the Gaussian reference value F4 = 3. Markers indicate the nominal fitting

windows used to estimate ∆4(h). (b) Fourth-order anomalous correction ∆4(h)
as a function of h, for resolutions N = 1024 and N = 2048. Error bars are
estimated by shifting the nominal fitting windows in log-space. Dashed and
dash-dotted curves indicate perturbative predictions near the rough- and

smooth-flow limits, respectively.

associated with the choice of fitting interval, we repeat the fit over shifted
windows obtained by multiplying the nominal bounds (ℓmin, ℓmax) by factors
logarithmically spaced between 0.75 and 1.25. The error bar is defined as half of
the difference between the largest and smallest fitted values.

With this fitting strategy, the estimates obtained at resolutions N = 1024 and
N = 2048 are in reasonable agreement over most of the range of h, indicating
that the fourth-order anomaly is robust with respect to spatial resolution. The
non-monotone behavior already apparent in panel (a) is also observed at the
level of the flatness exponent: ∆4(h) has a parabolic-like shape, with a maximum
at intermediate values of h, and trends towards zero as h approaches either 0
or 1. This is consistent with previous Lagrangian studies of the Kraichnan model
(Frisch et al. 1999; Shraiman & Siggia 2000; Falkovich et al. 2001). The dashed and
dash-dotted curves indicate perturbative predictions near the rough- and smooth-
flow limits. The numerical estimates agree well with the asymptotic behavior near
both limits, while the maximum at intermediate h reflects the strongest anomalous
correction in the resolved range.

5.2. Higher-order scaling anomalies
The non-Gaussian character of the scalar fluctuations is further illustrated by
the PDFs of normalized scalar increments δℓθ/∥δℓθ∥2. A useful advantage of
the Eulerian simulations is that the full scalar field is available at each time,
allowing scalar increments to be sampled over all grid points and over several
separation scales. Figure 11(a)–(c) shows these PDFs for h = 0.1, 0.5, and 0.9,
and for different separations. For each value of h, the PDFs become increasingly
non-Gaussian as ℓ decreases: the central peak sharpens and the tails broaden
compared with the Gaussian reference. This scale dependence is consistent with
the growth of local flatness at small separations in Figure 10(a), and indicates that
small-scale scalar increments are dominated by rare intense events associated with
sharp fronts and localized gradient structures. The comparison across the three
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Figure 11: Probability density functions of normalized scalar increments
δℓθ/∥δℓθ∥2 for different separation scales. Results are shown for (a) h = 0.1, (b)
h = 0.5, and (c) h = 0.9, with separations ℓ/∆x = 2, 4, 8, 16, 32, 64. The dashed
black curve indicates the Gaussian reference. The vertical axes are logarithmic.

panels also shows that the strength of the tails depends non-monotonically on
h. The intermediate case h = 0.5 displays the broadest tails over the range of
separations considered, whereas the tails are weaker in the rougher and smoother
cases represented by h = 0.1 and h = 0.9. This agrees with the behavior of the
fourth-order anomaly in Figure 10(b), which reaches its maximum at intermediate
values of h and decreases toward both limiting regimes.

Figure 12(a) gives a complementary comparison at fixed separation ℓ = 4∆x,
allowing the dependence on h to be seen more directly. The PDFs remain strongly
non-Gaussian for all values of h, with sharp central peaks and heavy tails relative
to the Gaussian reference. The broadest tails again occur for intermediate values
of h, while the roughest and smoothest cases show weaker tails. This confirms
that the reduction of the anomaly near the two limiting regimes is visible not
only through the fitted value of ∆4(h), but also at the level of the full increment
distributions.

Figure 12(b) shows the higher-order scaling exponents ζθp , obtained from fits of
the structure functions Sθ

p(ℓ) ∼ ℓζ
θ
p over the same h-dependent fitting windows

used above. The exponents decrease with h, reflecting the progressive roughening
of the scalar field: smoother random flows generate scalar fields with stronger
gradients and smaller scaling exponents. The dependence of ζθp on p is nonlinear,
especially at higher orders, which indicates a departure from self-similar scaling.
The dashed curves show log-normal-type fits of the form

ζLNp = αp+ βp(p− 2), α = 1− h, β =
ζθ4 − 2ζθ2

8
. (5.1)

They provide a log-normal-type comparison constrained by the measured second-
and fourth-order exponents, reasonably describing the overall curvature of ζθp
near the rough- and smooth-flow limits. For intermediate values of h, where the
fourth-order anomaly is largest, the agreement deteriorates at higher orders: the
measured exponents display weaker curvature and tend to lie above the log-normal
curves. This suggests that higher-order scalar intermittency in the intermediate
roughness regime is weaker than that captured by the log-normal comparison.

The good agreement observed near the two limiting regimes is to a large extent
a consequence of the smallness of the anomaly itself. Since β is proportional to
∆4(h), which trends towards zero as h approaches either 0 or 1, the quadratic
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Figure 12: (a) Probability density functions of normalized scalar increments
δℓθ/∥δℓθ∥2 at fixed separation ℓ = 4∆x, for different roughness exponents h; the

dashed black curve indicates the Gaussian reference. (b) Estimated scaling
exponents ζθp as functions of the order p. Solid curves show the numerical

estimates, and dashed curves show the log-normal-type fits defined in
Equation (5.1).

contribution βp(p − 2) remains subdominant over the whole range of orders
considered, and the log-normal prediction stays close to the linear behavior αp.
In this sense, the agreement is trivial, reflecting the weakness of intermittency
in these regimes rather than the strict validity of the log-normal ansatz. This
apparent agreement can also be understood in the light of the perturbative
expansions of Bernard et al. (1998) and Pumir et al. (1997). Both limits h → 0
and h → 1 correspond to solvable Gaussian points around which the anomalous
exponents are computed perturbatively, with the leading correction to the linear
behavior being quadratic in p. Near these points, a quadratic ansatz is therefore
expected to capture the leading departure from self-similar scaling, irrespective
of any log-normal assumption: any two-parameter quadratic form constrained by
the measured ∆4(h) would perform equally well. For intermediate values of h, by
contrast, the flow is far from both Gaussian points, the expansion parameter is
no longer small, and there is no reason for the quadratic term to dominate the
higher-order corrections. The deterioration of the log-normal comparison in this
regime is thus expected.

Physically, the deviation from log-normality at intermediate h is consistent with
the structures visible in the scalar snapshots of Figure 3. Sharp fronts separating
large regions of nearly uniform scalar—the ramp-and-cliff structures characteristic
of scalar turbulence—make the high-order moments increasingly dominated by a
small number of intense increments. Such structures are known to produce a
tendency towards saturation of the scaling exponents at large p, rather than the
downward curvature predicted by a quadratic ansatz. While the range of orders
accessible here is too limited to establish saturation, the reduced growth of ζθp
observed at the largest values of p is compatible with this scenario, and echoes
the behavior reported for scalar turbulence in three-dimensional Navier–Stokes
flows (Iyer et al. 2018).
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corresponding compensated spectra.

6. Finite-size effects
The results of Section 4 indicate that the main numerical limitations arise near the
asymptotic rough- and smooth-flow regimes. In this section, we investigate these
finite-size effects in more detail. We first consider the role of the scalar diffusivity
in the discontinuous-flow limit, showing that an appropriate tuning of diffusivity
improves the separation between inertial and dissipative scales. We then analyze
the finite-band effects introduced by the truncated spectral representation of the
random velocity and quantify their impact on the measured second-order statistics
of the passive scalar.

6.1. Tuning of diffusion coefficient
To clarify the behavior in the discontinuous-flow limit (small-h), Figures 13
and 14 compare simulations at resolution N = 1024 with the baseline diffusivity
coefficient Cκ = 1 and with increased diffusivity coefficients Cκ > 1, whose values
are reported in Table 2. Figure 13 shows that, when Cκ = 1, the compensated
scalar spectra fail to develop a plateau and instead turn sharply upward at the
highest wavenumbers, signaling a pile-up of scalar variance near the grid scale.
Increasing κ removes the spurious small-scale contributions and produces a clearer
scaling range compatible with the theoretical prediction. The mechanism is clear:
a larger κ pushes the scalar dissipative scale ηθ back above the grid spacing, so
that the scalar is regularized before the numerical cutoff acts. A similar tuning of
the diffusivity as a function of h was already required in the Lagrangian scheme
of Frisch et al. (1999).

The corresponding structure functions are shown in Figure 14. The same pattern
appears in physical space: with insufficient diffusivity the compensated scalar
structure functions show no satisfactory plateau, while increasing κ flattens them
over an intermediate range of separations. Thus, the small-h limit can be made
numerically more stable by tuning the diffusivity so that the dissipative scale
remains resolved.
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6.2. Finite-band effects
The finite spectral support of the prescribed random velocity provides another
source of finite-size effects. Even when the input spectrum follows the prescribed
inertial-range scaling, the truncation to the resolved wavenumber interval
[kmin, kmax] modifies the measured second-order statistics, particularly near the
smooth-flow regime. To quantify this effect, we derive a finite-band correction for
the velocity structure function and subsequently examine how these velocity
distortions propagate to the passive scalar. Recall from Eq. (2.11), that
ignoring discretization effects, the longitudinal second-order structure function
S

∥
2(ℓ) = 2

(
D∥(0)−D∥(ℓ)

)
admits the spectral representation

S
∥
2(ℓ) = 2

∫ kmax

kmin

Eu(k) [1− J0(kℓ)− J2(kℓ)] dk, (6.1)

where Eu(k) is the isotropic kinetic energy spectrum, which in the inertial range
scales Eu(k) ∝ k−1−2h. Using the change of variable q = kℓ, one factorizes
Eq. (6.1) into

S
∥
2(ℓ) ∝ ℓ2hIN,h(ℓ), IN,h(ℓ) :=

∫ kmaxℓ

kminℓ

[1− J0(q)− J2(q)] q
−1−2h dq. (6.2)

involving the scaling part ℓ2h and the finite-band correction factor IN,h. The
correction factor IN,h(ℓ) is evaluated numerically by precomputing the cumulative
integral in Eq. (6.2) on a dense logarithmic grid in the similarity variable q = kℓ
and subsequently evaluating the correction through interpolation.

The finite-band correction derived above accounts for the limited spectral
support of the prescribed velocity field. The corresponding corrections for the
passive scalar are deduced from stationary second-order Hopf equation derived in
Eq. (2.23). Using incompressibility, Eq. (2.23) can be written in the divergence
form [

ℓ∂ℓ

(
2κ+

1

2
S

∥
2(ℓ)

)
∂ℓC2(ℓ)

]′
= −ℓΦ(ℓ), (6.3)
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Figure 15: Diagnosis of finite-size effects in the velocity and scalar second-order
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constants for visual clarity.

where C2(ℓ) denotes the scalar covariance and Φ(ℓ) the forcing covariance. The
quantity 2κ + 1

2
S

∥
2(ℓ) thus acts as a scale-dependent effective (eddy) diffusivity

governing the scalar statistics. Integrating Eq. (6.3) twice while imposing regu-
larity at ℓ = 0 and using the Gaussian forcing covariance (2.15) yields

Sθ
2,pred(ℓ) =

4εθ
k2
f

∫ ℓ

0

1− exp
(
−k2

fr
2

4

)
(
2κ+ 1

2
S

∥
2(r)

)
r
dr. (6.4)

Eq. (6.4) requires only the measured longitudinal velocity structure function as
input, allowing for the investigation of how the finite-band distortions of the
velocity field propagate to the second-order scalar statistics.

In Figure 15, we show results for the second-order structure functions of veloc-
ity and passive scalar compensated by the corresponding finite-size predictions.
Panel (a) compares the conventional inertial-range compensation Su

2 (ℓ)/ℓ
2h with

the finite-band compensated quantity Su
2 (ℓ)/[ℓ

2hIN,h(ℓ)]. The latter is substan-
tially flatter over a broader range of separations, demonstrating that much of
the residual scale dependence originates from the finite spectral support of the
prescribed velocity field. Panel (b) investigates how these finite-band distortions
propagate to the passive scalar. The solid curves show the infinite-size compen-
sation Sθ

2(ℓ)/ℓ
2(1−h), whereas the dashed curves show the ratio Sθ

2(ℓ)/S
θ
2,pred(ℓ),

where Sθ
2,pred is obtained from Eq. (6.4) using the measured longitudinal velocity

structure function as input. Compared with the power-law compensation, the
velocity-conditioned prediction produces a substantially flatter behavior over a
wide range of separations for all values of h. This indicates that the finite-size
distortions observed in the scalar second-order statistics are largely inherited
from the finite-resolution representation of the advecting velocity field through
the closed second-order Hopf dynamics.



27

7. Conclusion and perspectives

We have developed a pseudo-spectral Eulerian framework for the numerical sim-
ulation of passive scalar transport in the Kraichnan model over the full range of
admissible velocity roughness exponents. The proposed methodology combines a
Fourier-space construction of the Gaussian random flow with frozen-noise Runge–
Kutta time integration, providing direct access to complete scalar fields while
remaining fully consistent with the white-in-time stochastic forcing. Compared
with the classical Lagrangian approach (Frisch et al. 1999), the Eulerian formula-
tion enables the direct computation of spatial statistics ranging from second-order
structure functions to higher-order intermittency diagnostics.

The numerical results reproduce the main statistical predictions of the Kraich-
nan model across the entire range of roughness exponents. In particular, the
simulations recover the expected dual behavior between the velocity and scalar
regularities, the theoretical second-order scaling laws over their resolved inertial
ranges, and the anomalous scaling associated with scalar intermittency. By com-
bining inertial-range fitting guided by the second-order statistics with a systematic
uncertainty estimation based on fitting-window shifts, the measured fourth-order
anomalous corrections agree with the classical Lagrangian results of Frisch et al.
(1999) throughout the interval 0 < h < 1. The availability of full scalar fields
further makes it possible to characterize intermittency through increment proba-
bility density functions and higher-order scaling exponents, revealing systematic
departures from Gaussianity and from log-normal behavior, with the strongest
deviations occurring near intermediate roughness exponents.

A central objective of this work was also to assess the capabilities and limita-
tions of Eulerian simulations of the Kraichnan model. We showed that reliable
simulations require different numerical treatments in the two asymptotic regimes.
In the discontinuous-flow limit, the main numerical constraint is associated with
the dissipative scale and can be controlled through an appropriate choice of the
molecular diffusivity. In the smooth-flow limit, the principal limitation originates
from the finite-band representation of the prescribed velocity field. By combining
a finite-band correction for the velocity statistics with the second-order Hopf equa-
tion, we demonstrated that the corresponding distortions of the scalar statistics
can largely be explained by the finite-resolution representation of the advecting
flow.

Beyond the classical Kraichnan model, the present work establishes a numerical
foundation for studying passive scalar transport in more realistic stochastic veloc-
ity fields. In particular, recent multifractal extensions of Kraichnan flows incorpo-
rate intermittency directly into the velocity field through Gaussian multiplicative
chaos. While these models have already been investigated for the statistics of the
velocity field itself and for Lagrangian particle transport, passive scalar transport
remains unexplored. The Eulerian framework developed here provides a natural
platform for addressing this problem. The residual departures from the theoretical
scaling laws associated to the finite spectral resolution also point to a specific
direction for improvement: one should seek a numerical modelling of the velocity
that does not rely on a truncated Fourier series, but instead resolves scales directly
in physical space. In this regard, we conjecture that a wavelet-based construction
of the velocity field would provide a more efficient representation of the carrier
flow, reducing the deviations from the theoretical scaling laws due to finite-size
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effects. This perspective should carry over to the multifractal setting, where the
Gaussian carrier is modulated by a multiplicative chaos.
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Appendix A. Decay rates for the generalized velocity field
We here provide details on the smooh and rough decay rates prescribed by
Eq. (2.8) and (2.9). We start from Eq. (2.5) expressing the velocity correlation
as

E [dUt(x) · dUt(x+ ℓ)] = dt TrD(|ℓ|), (A 1a)

TrD(ℓ) =
2πD0

Z

∫
R+

dk J0(kℓ)
k g2η(k)

(k2 + 1)1+h
, (A 1b)

with the normalizing factor Z(η, h) chosen such that

TrD(0) = 2D0. (A 2)

Setting η → 0 yields the explicit closed form

TrD(ℓ) =
2πD0

Z

ℓh

2hΓ (1 + h)
Kh(ℓ), (A 3)

where Kh is the modified Bessel function of the second kind (see, e.g., Abramowitz
& Stegun 1948), with the small-ℓ expansion

ℓhKh(ℓ) = 2h−1Γ (h) + 2−h−1Γ (−h)ℓ2h +O(ℓ2). (A 4)

https://doi.org/10.5281/zenodo.22145071
https://doi.org/10.5281/zenodo.22145071
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This yields

Z =
πΓ (h)

2Γ (1 + h)
and TrD(ℓ) ∼ 2D0

(
1 + 2−2hΓ (−h)

Γ (h)
ℓ2h
)
, (A 5)

and prescribes the coefficient D1 = −D02
−2h Γ (−h)

Γ (h)
in Eq. (2.8).

Now consider the smooth limit ℓ → 0 at fixed η with an ultraviolet cutoff
function of the form gη(k) = g(k/kη). Expanding the Bessel function as J0(kℓ) =

1− k2ℓ2

4
+ · · · yields the small-ℓ limit

TrD(ℓ) =
2πD0

Z

(
I1(kη)− I2(kη)ℓ

2 +O(ℓ4)
)
, (A 6a)

I1(kη) := k−2h
η

∫ ∞

0

duu g(u)(
u2 + k−2

η

)1+h
, (A 6b)

I2(kη) :=
k2−2h
η

4

∫ ∞

0

duu3 g(u)(
u2 + k−2

η

)1+h
, (A 6c)

where the specific expressions of I1 and I2 come from the change of variables
k → k/kη. The normalization (A 2) implies

Z(kη) = πI1 and TrD(ℓ) = 2D0

(
1− I2

I1
ℓ2)

)
. (A 7)

Taking kη → ∞, we now compute

I1(kη) ∼
1

2h
, I2(kη) ∼

k2−2h
η

4

∫ ∞

0

duu1−2hg(u). (A 8)

In particular,

I2 ∼


k2−2h
η

8(1− h)
for the sharp cutoff g(u) := 1u<1

k2−2h
η

8Γ (1− h)
for the Gaussian cutoff g(u) := e−u2

. (A 9)

Combining Eqs. (A 7), (A 8) and (A 9) prescribes the coefficients D2 in Eq. (2.10).
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