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ABSTRACT: To describe the upper-ocean Ekman boundary layer, a novel stochastic model is formulated to better cap-
ture the interplay between random components associated with the numerically unresolved physical process induced by
wind, waves, and currents. Accounting for the uncertainty of unresolved velocity fluctuations, resulting Ekman velocities
display increased variability, higher kinetic energy, and more frequent extreme events than in an Ekman-Stokes model
with time-correlated additive Gaussian forcing. Near the surface, stronger correlations and skewed probability distributions
are also revealed. Sensitivity analyses highlight impacts of transient winds and surface waves, which deepen circulation
and increase the dispersion of realizations in a balanced way according to error representations. Energy and transport are
maximized when the mean directions of wind velocity and surface waves coincide. This model offers a new approach to de-
scribing upper-ocean dynamics, providing improved insights for anticipating vertical fluxes, and enhancing predictive

capabilities.

SIGNIFICANCE STATEMENT: The upper-ocean boundary layer plays a critical role in regulating air-sea interac-
tions, vertical mixing, and climate variability. Many existing boundary layer models employ deterministic turbulence
closures that do not account for the inherently random nature of unresolved small-scale processes. This study presents
a novel stochastic framework that explicitly incorporates the random effects of wind forcing, surface waves, and turbu-
lent transport, while maintaining key physical balances. The results demonstrate enhanced variability and a higher fre-
quency of extreme events, emphasizing the relevance of stochasticity in upper-ocean dynamics. This approach provides
a physically consistent representation of boundary layer processes, with potential benefits for improving ocean model-
ing and forecasting of an ensemble of realizations at coarse resolution.
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1. Introduction

The seminal work of Ekman (1905) provides an archetypi-
cal exact solution of the simplified Navier-Stokes equations.
It is fundamental to the theory of ocean circulation and attrac-
tive for the theoretical analysis. Key assumptions are to con-
sider the upper-ocean boundary layer flow steady, linear, of
uniform density and viscosity, and driven solely by a surface
wind stress. A resulting balance between Coriolis and turbu-
lent drag forces shall then lead to the gradual rotation and de-
cay of ageostrophic velocity with depth, presenting a spiral
vertical structure. Among the anticipated limitations of this
model, the definition of turbulent viscosity—used to parame-
terize, exclusively through a diffusion operator, the effect of
unresolved velocity components due to turbulent motion or
small eddies—has been called into question. Beyond possibly
contributing to nonuniform vertical mixing (Large et al.
1994), the unresolved fluctuating motions redistribute and en-
hance energy in a manner that statistically preserves the
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fluctuation—dissipation balance. This latter contribution is, in
general, not taken into account in many existing models that
rely on deterministic turbulence closures.

Significant modifications of the Ekman spiral may also re-
sult from near-surface currents induced by surface gravity
waves (Huang 1979; Jenkins 1986; Xu and Bowen 1994;
McWilliams et al. 1997, 2012), not all necessarily aligned with
the wind direction. Buoyancy effects can also play a crucial
role in the boundary layer dynamics, particularly at fronts
(Price and Sundermeyer 1999; McWilliams et al. 2009; Gula
et al. 2014; McWilliams et al. 2015). Although incorporating
these additional effects complicates analytical solutions, ad-
vanced mathematical tools (Lewis and Belcher 2004; Wenegrat
and McPhaden 2016b,a; Higgins et al. 2020) and accurate nu-
merical methods offer viable approximations.

Generalized Ekman-Stokes models have been proposed to
account for surface wave effects through the Stokes drift
(McWilliams et al. 1997) and the variability of wind stress
(McWilliams and Huckle 2006). In homogeneous mixing has
also been considered through manageable forms such as the
nonlocal K-profile parameterization (KPP) (McWilliams and
Huckle 2006; Wenegrat and McPhaden 2016a). More gener-
ally, the Ekman balance can be explicitly reformulated as a
stochastic differential equation by introducing additive ran-
dom terms that are either time correlated (McWilliams et al.
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1997; McWilliams and Huckle 2006) or decorrelated (Chu
2008), to represent wind forcing. However, in all the above
developments, the statistically consistent impact of small-scale
unresolved processes—particularly their nondiffusive contri-
butions to large-scale dynamics—remains not accounted for,
and the fluctuation—dissipation imbalance still persists. The
generalized models effectively capture only the average dissi-
pation effects associated with unresolved motions as well as
their induced advective correction (e.g., the Stokes drift) but
do not explicitly describe the actions of small-scale processes.
The complexities introduced by non-Gaussian perturbations,
such as extreme and transient events—e.g., wave groupiness,
breaking events, and intermittency—are potentially completely
neglected.

Extremely challenging, these effects may be difficult, not
impossible, to tackle within a deterministic one-dimensional
(1D) vertical model. In contrast, following a stochastic frame-
work, the specification of these interactions can be considered
to enable their explicit integration into the model. To our
knowledge, none of the proposed stochastic models men-
tioned previously include a stochastic parameterization of the
small-scale fluctuations associated both with wind forcing, sur-
face waves, and turbulence. To be relevant, such a model
should adhere to the scaling laws and derivations that yield
the 1D velocity profile of the Ekman boundary layer, while in-
corporating at its core a random representation of the three-
dimensional (3D) velocity fluctuations within a framework
guaranteeing a fluctuation—dissipation balance.

In this study, we propose to rely on a recently developed
stochastic formalism, which has notably been applied to ex-
tend the classical Craik—-Leibovich model of Langmuir turbu-
lence (Bauer et al. 2020). Originally proposed in Mémin
(2014), and referred to as modeling under location uncer-
tainty (LU), such a formalism has demonstrated versatility in
the derivation of a wide range of models, including reduced-
order models (Chapron et al. 2018), quasigeostrophic models
(Li et al. 2023a), wave models (Mémin et al. 2024), and sto-
chastic primitive hydrostatic models (Tucciarone et al. 2024).
LU-based models strictly respect the fluctuation—dissipation
balance and have been shown to effectively reproduce long-
term statistical properties (Li et al. 2023a) and capture large-
scale flow structuration (Bauer et al. 2020).

Owing to its foundation in the stochastic interpretation of
the Reynolds transport theorem, the LU framework preserves
the theoretical energy conservation properties of determinis-
tic systems (e.g., energy or tracer moments) (Resseguier et al.
2017; Brecht et al. 2021; Li et al. 2023a). For the Navier—
Stokes equations, it also retains the same asymptotic conver-
gence properties (Debussche et al. 2023), such as uniqueness
in 2D and the existence of weak probabilistic solutions in 3D.
These results arise from a strict balance between energy input
from stochastic forcing and system dissipation—that is, LU
models directly respect the fluctuation—dissipation theorem
(Bauer et al. 2020; Resseguier et al. 2017). Moreover, LU
models converge to the deterministic dynamics as noise van-
ishes (Debussche et al. 2023). This convergence is nontrivial:
Even weak, ad hoc non-Gaussian noise can significantly alter
the distribution of velocity increments (Chapron et al. 2018).
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To describe upper-ocean balance, the LU framework al-
lows us to consistently integrate the combined effects of ran-
dom winds, surface waves, and turbulent mixing. We build on
this ability to represent not only the average impact of these
processes but also their impulsive, potentially non-Gaussian,
and correlated behaviors. This approach supports exploration
of the joint influence of surface waves, wind stress, and turbu-
lent mixing on the Ekman model. Stratification effects are
omitted here and will be addressed in future work.

To represent small-scale unresolved components, random
fields can be constructed such that their covariances are con-
sistent with established vertical mixing closures, such as the
KPP viscosity and the Stokes drift. This approach enables
a direct connection to existing generalized Ekman models
(Wenegrat and McPhaden 2016a,b) and Ekman-Stokes for-
mulations (McWilliams et al. 1997; Higgins et al. 2020). As al-
ready proposed by McWilliams and Huckle (2006), wind
stress may be modeled as an external random forcing via an
Ornstein—Uhlenbeck process.

In this paper, by appropriately scaling the generalized sto-
chastic Craik-Leibovich equation outlined in Bauer et al.
(2020), both steady and time-dependent stochastic Ekman—
Stokes models are derived. An approximate analytical solu-
tion to the steady model is presented using a well-established
approach (Wenegrat and McPhaden 2016b). The time-dependent
model, formulated in one dimension, is investigated through
large-ensemble simulations to quantify uncertainties and sys-
tem responses to various random inputs (wind, waves, and
turbulence), with particular emphasis on the occurrence of ex-
treme events. The statistical responses of the proposed sto-
chastic model are then compared to those of a deterministic
Ekman-Stokes model with random wind forcing, followed by
a sensitivity analysis of the stochastic model’s response to
varying wind and surface wave parameters.

The rest of this paper is structured as follows: Section 2 pre-
sents the proposed stochastic Ekman-Stokes models with de-
tailed derivations and describes the uncertainty parameterization
methods. Section 3 discusses the numerical results, including the
statistical diagnosis and sensitivity analysis of the random models.
Finally, in section 4, we draw conclusions and provide an outlook
for future research endeavors.

2. Stochastic formulation

In this section, we first briefly review the generalized sto-
chastic Craik-Leibovich equations as derived in our previous
work (Bauer et al. 2020). Stochastic Ekman-Stokes models are
then obtained by appropriately scaling these nonlinear equa-
tions. Subsequently, we describe the representation of uncertain-
ties induced by established physical parameterizations.

a. Ekman-layer scaling in stochastic
Craik-Leibovich equations

A general open question in fluid dynamics concerns how
small-scale processes influence the large-scale structure of
fluid flows. In oceanic and atmospheric contexts, wave—current
interactions—particularly Langmuir circulation—illustrate this
effect. These interactions, modeled by the Craik-Leibovich sys-
tem, describe how the wave-driven Stokes drift generates a
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“vortex force,” resulting in streak formations within the flow. In
our previous work (Bauer et al. 2020), we showed that this effect
can be generalized as a consequence of the statistical inhomoge-
neity of the small-scale flow component through a stochastic rep-
resentation of the flow.

The adopted stochastic framework, termed location uncertainty
(Mémin 2014), arises from a decomposition of the Lagrangian
fluid flow into a resolved, time-smooth flow component and
an unresolved, highly oscillatory noise term. This noise term,

Coriolis —
Stokes force

Vortex
force

. —_—T
dv+ |v- Vv + fz Xv+ fi Xy,

= (V-[aV(v+v)]+ v,-Vv
— 5 S

Subgrid-scale

(oo 1td —Stokes 1td —Stokes
diffusion advection force
V-v=0,V-0dB, =0, (2.1b)
— 1 T _
a:= 700, V1= V-a (2.1¢)

Here, v = (u, v, w)" denotes the resolved effective velocity,
which incorporates the statistical effects of unresolved noise, and
dv represents its time evolution at a fixed point. The three-
dimensional gradient operator is V = (9, d,9,)", frepresents the
Coriolis frequency, and Z = (0, 0, Ht represents the vertical unit
vector. The vorticity, @ = V X v, is defined as the curl of the
velocity. The buoyancy variable b = gp’/p, is introduced under
the Boussinesq approximation, where g is the gravitational cons-
tant, p, is the reference density of water, and p’ is the (small) den-
sity fluctuation. The resolved dynamic pressure p is scaled by p,,.

Two statistical properties [Eq. (2.1c)] of the noise play a crit-
ical role in the preceding stochastic system. The random, sym-
metric, nonnegative diffusion tensor a (in units of m? s™1),
referred to as Ito diffusion tensor, is defined by the quadratic
covariation of the noise process (Bauer et al. 2020). It can
be interpreted as the noise’s conditional variance with re-
spect to the correlation operator, scaled by the time step:
a= (12)E[odB(odB,)" |ol/dt = (12)o¢", where E repre-
sents the expectation value. The Ito-Stokes drift velocity,
v, = V - a, is a statistical effect that arises from the inhomo-
geneity of the unresolved random field. It corresponds to
the turbophoresis phenomenon, wherein inertial particles
migrate toward regions of lower turbulent diffusivity (Reeks
1983). When the noise is homogeneous—meaning that o acts
through a spatial convolution operator and can be diagonal-
ized in Fourier modes (Mémin 2014; Mémin et al. 2024)—the
diffusion tensor a becomes a constant matrix at each point,
causing the statistical drift v, to vanish. Notably, both a and v,
arise naturally within the framework of It6’s stochastic calcu-
lus (Bauer et al. 2020). This formulation assumes a quasi-
stationary v; for the derivation of Eq. (2.1a).
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denoted by odB,, is represented as a centered, time-uncorrelated
but spatially correlated Gaussian process, where B is a cylindrical
Brownian motion (Da Prato and Zabczyk 2014) defined on an
infinite-dimensional Hilbert space and o is a random correlation
process (Debussche et al. 2023; Li et al. 2023a,b) defined within a
space of Hilbert-Schmidt operators and mapping two spaces of
functions with bounded variance. Within this framework, the gen-
eralized stochastic Craik—Leibovich momentum equations (Bauer
et al. 2020) are expressed as follows:

Effective
pressure

—— —_—~—
+oXv, —bz+V(p+v-v)|de

(2.1a)

Subgrid-scale
advection

We now interpret several key terms in this stochastic sys-
tem. The first line reflects the structure of the deterministic
Craik-Leibovich (CL) momentum equations (Craik and
Leibovich 1976; Leibovich 1980; McWilliams et al. 1997), with
the last three terms corresponding to the Coriolis—Stokes
force, the CL vortex force, and the Stokes-corrected pressure,
respectively. In the stochastic framework, however, the vortex
force represents the statistical influence of noise inhomogene-
ity on large-scale flow dynamics. As a result, this momentum
equation provides a generalized stochastic extension of the
CL system, in which the statistical drift v, replaces the Stokes
drift induced by surface wave motion. This distinction broadens
the interpretation of vy, termed If0—Stokes drift, as it originates
not only from wave motion but also from inhomogeneous, unre-
solved small-scale fluctuations.

The right-hand side of Eq. (2.1a) introduces additional
contributions specific to the stochastic formulation. The subgrid-
scale (SGS) advection term, o - V(v + v,)dB,, and the SGS
diffusion term, V - [aV(v + vy)], represent the stochastic trans-
port of the resolved momentum (v + v;) due to unresolved fluid
motions. Within these SGS terms, coupling effects between the
1t6-Stokes drift and unresolved turbulence emerge, expressed
through (o - Vv,)dB, and V - (aVv,). When the It6-Stokes drift
corresponds to a true Stokes drift, as discussed in subsequent sec-
tions, these terms account for surface-wave-induced mixing effects.
Notably, the diffusive term V - (aVv;) has already been examined
in deterministic settings (McWilliams and Sullivan 2000).

Additionally, two further contributions from the It6—Stokes
drift emerge: a corrective advection term, v, - Vv, and the
so-called Ito—Stokes force, w, X v. The latter term reflects the
interaction between the effective velocity and the vorticity of
the It6-Stokes drift, which can be combined with the Coriolis
force to form a corrective term. The pressure noise dP, acts as
a Lagrange multiplier enforcing the incompressibility of the
unresolved flow through the divergence-free constraints in
Eq. (2.1b), which also ensure the energy conservation of the
derived stochastic system (Brecht et al. 2021; Li et al. 2023a).
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In this study, we consider a simplified stochastic CL system tai-
lored for the Ekman boundary layer, incorporating the effects of
surface waves and uncertainties arising from small-scale dynam-
ics. The derivation of the stochastic Ekman-Stokes model is
based on scaling the nonlinear stochastic momentum equations
[Eq. (2.1a)] and constraining the uncertainties using established
physical parameterizations. To isolate the effects of surface
waves, we neglect stratification within the boundary layer, assum-
ing a constant buoyancy (Vallis 2017). Without loss of generality,
we set b = 0 in the subsequent analysis. Key aspects of the
derivation are outlined here, with detailed steps provided in
appendix A. Most variables follow the same scaling principles
as in the deterministic case (Pedlosky 1990). In particular, the
horizontal and vertical components of the noise are scaled as

o.dB, = V2TA}?6 dB,, o,dB, = V2TAY?¢_dB,, (2.2a)
where odB, = (0,dB,, 0.dB)" with o, = (0, 0,)", T = LIU
represents the advection time scale, and L and U are the char-
acteristic length and velocity scales, respectively. Here, A,
and A, denote the horizontal and vertical eddy viscosity coef-
ficients, while the hatted variables represent nondimensional
quantities. As a result, the components of the corresponding
It6 diffusion tensor are scaled as

=4, =Aa.

vizz? xz = A}l/zAé/za’;z' (2'2b)

h xx’
A nondimensional version of the stochastic momentum equa-
tions [Eq. (A5)] can be derived with these scalings, along with
several classical dimensionless numbers: the Rossby number
Ro = U/(fyL), the aspect ratio of the horizontal and vertical
length scales y = H/L, and the horizontal and vertical Ekman
numbers E; = Ah/(ﬁ)Lz) and E, = Av/(f()Hz), where fy and H
represent the Coriolis frequency and vertical scales, respectively.
To further simplify and derive the equations of motion for the
Ekman boundary layer, we adopt the following assumptions re-
garding the dimensionless numbers:
Ro<1,y<1,E, ~ 562, E, ~ Ro?, (2.3)

where § , denotes the nondimensional boundary layer depth.
We recall that a small Rossby number suppresses the nonlinear
advection terms, while a small aspect ratio ensures hydrostatic
balance in the vertical. The third assumption sets the vertical
friction to be as large as the Coriolis force in the boundary layer.
The last assumption emerges from the ratio of horizontal friction
force to inertial acceleration E;,/Ro = 1/Re, where Re = UL/A;,
is the Reynolds number of the interior flow. In most cases of geo-
physical interest, the Reynolds number is quite large (Pedlosky
1990). In particular, we choose 1/Re ~ Ro here.

Using the above assumptions, the simplified nondimen-
sional momentum equations are expressed as (appendix A)

Rodii = {~ (& +0,a_)" — Vp +d;[a_o,(& +0;a.)]

+ O(Ro)}di — V2Ro"{[0; (il + d;a..)

+fa.1dB, + VdP} + O(Ro)dB, (2.4a)
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YRodw =

R 12
—azp + O(yz)}d? -2 ;2 ;

e

e

+ O(¥)dB,. (2.4b)

From this point forward, V = (9,, ay)T denotes the horizon-
tal gradient (with \Y denoting gradients with respect to adi-
mensional variables and d; denoting the partial derivative
with respect to vertical direction ¢ = 1/8 ), u = (u, v)T repre-
sents the horizontal velocity, and u* = ( v, u)" stands for its
perpendicular counterpart. It is important to note that the
nondimensional time variable 7 is not necessarily of O(1). In
the following sections, we first derive a steady Ekman-Stokes
model, followed by a time-dependent stochastic model, each
corresponding to different time scales.

b. Steady Ekman—Stokes model with random coefficients

To derive a steady solution, we consider an intermediate
time scale # = O(1). The temporal variation of horizontal mo-
mentum is neglected; Eq. (2.4a) is thus split into a prognostic
equation of O(1) in terms of “di” and a diagnostic equation
of O(Ro'?) in terms of “dB,.” This splitting, based on physi-
cal scaling arguments, is also mathematically justified by the
canonical decomposition of a semimartingale (Le Gall 2016).
Similarly, the vertical momentum equation [Eq. (2.4b)] re-
duces to two hydrostatic balances for the resolved and unre-
solved scales. These are

Fla+a)" =—p +asla o, (@ +d)) 6, =0a_, (25a)
[fé,* — ¢,0,@@ +a,)]dB, = —VdP,, (2.5b)
9p = 0,0,dP, = (2.5¢)

Following Vallis (2017), assuming p independent of z facili-
tates the separation between pressure-driven interior geo-
strophic motions and boundary layer ageostrophic motions.
Leta = ﬁg +i,andp = p, + b, where the Ekman layer cor-
rections, denoted with a subscript e, are negligible away from
the boundary layer. Combining this with the hydrostatic bal-
ance, we have p, = 0 everywhere, implying there is no bound-
ary layer in the pressure field. Restoring the dimensional
form, the ageostrophic velocity in the Ekman layer satisfies

f(u, +u ) (2.6)

[ 4 z(“e + us)]’ us = 8za)cz'
The resulting horizontal It6-Stokes drift in the Ekman
boundary layer is given by the vertical derivative of the co-
variation process (a,;) between the horizontal and vertical
components of the unresolved motions. The previous vecto-
rial equations can be rewritten as a scalar equation for the
complex velocity u = u + iv, where i represents the imaginary
unit. Together with classical boundary conditions for the mo-
mentum flux, the steady Ekman-Stokes model is expressed as
d,(a,,0,u,) — ifu, = ifu —

77 ¢

d,(a,,0.u,),

278

(2.7a)

paazza ue z:() w’ poazz6 ue z=—H = 07 (2'7b)
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where 7, denotes the surface wind stress. In the general case,
this elliptic partial differential equation (PDE) involves ran-
dom coefficients such as the diffusion tensor a, the 1to-Stokes
drift u,, and the wind stress 7,. It is important to note that the
derived formulation (2.7) incorporates the vertical diffusive
mixing effect of the It6—Stokes drift and represents a generali-
zation of the deterministic steady Ekman model with Coriolis—
Stokes force.

Following the method proposed by Wenegrat and McPhaden
(2016b), an approximate analytical solution can be inferred for
Eq. (2.7). To this end, we first vertically differentiate Eq. (2.7a)
and then multiply by p,a., to form an equation for the Ekman
current stress 7, = p,d,.0.u,., which reads

(a9, — if)r, = —(a_02, — if)7, (2.8a)
7,0) = 7,, 7,(=H) = 0. (2.8b)
Similarly, 7, = p,a,.0.u, represents the derived It6-Stokes

stress. Wenegrat and McPhaden (2016b) propose solving their
generalized Ekman model, which shares the same left-hand side
differential operator with Eq. (2.8a) but with different right-
hand side forces, by initially approximating a solution to the ho-
mogeneous equation using the Wentzel-Kramer—Brillouin
(WKB) method (Bender and Orszag 1978). Then, the authors
solve for the inhomogeneous solution using the method of varia-
tion of parameters. Following their detailed derivation, we apply
the same approach to solve our boundary value problem (2.8).
The complete solution for the Ekman stress, accounting for an
additional inhomogeneous forcing, is given by

_ Je@]”
Te(z) - Twlazz(o)]

sinh[6(z)]
sinh[6(0)]

0
[ G ol ~2om)od @9

0(z) = ﬁf a0t

(2.9b)

Here, G denotes a symmetric Green function defined by

1/4(2)611/4(0
Vif sinh[6(0)]

sinh[6(z)] sinh[6(Z) — 6(0)]if { > z,
(z, 0 sinh[0(¢)] sinh[6(z) — 6(0)]if ¢ < z.

Gz, 0) = &z, 9,

(2.9¢)

The accuracy of the WKB approximate solution has been
further discussed in Wenegrat and McPhaden (2016b), show-
ing generally small errors for small vertical Ekman number
E,. Once the Ekman stress is found, the Ekman current solu-
tion satisfying Eq. (2.7) can be recovered by

a(r,+7)—u

4
e _Zfz

Integrating this relation vertlcally, a modified relation for
the Ekman transport, T, f b (z)dz, is obtained:

(2.10)
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Tc _if(q-w + T?) - Ts

This shows that the Ekman transport T, is modified by both
the surface Ito—Stokes stress 70 := 7 (0) and the It6-Stokes trans-
port T —J Y (2)dz. Nevertheless the Ekman-Stokes transport
T, + T; is rotated 90° to the left of the effective surface stress
hence satisfying the deterministic integral relation.
Moreover the vertical velocity induced by the Ekman layer,
usually referred to as the Ekman pumping, can be derived by in-
tegrating the continuity equation [Eq. (2.1b)] for the ageo-
strophic component, namely,

(2.11)

T+T

w,(—H) = 1 yx (7, +7) - V-T,.

i (2.12)

Accordingly, the Ekman pumping is now modified by both
the curl of the surface It6-Stokes stress and the horizontal
divergence of the Ito—Stokes transport. Through the It6—Stokes
drift, it incorporates the statistical effect of the inhomogeneity
of the small-scale velocity component. It captures wavy motions,
as well as other physical processes affecting small-scale velocity
fluctuations, including the effect of vertical mixing.

c. Time-dependent stochastic Ekman—Stokes model

In this case, a fast time scale is considered by applying a
change of time coordinates (Crowe and Taylor 2018), such
that # = #/Ro, and hence B_ = B /Ro"?. Therefore, Eqgs. (2.42)
and (2.4b) reduce to
Vp +o;la_o,(@

22 ¢

i)]dB, — V2VdP_,

div = {—f@@ + 4,)" -
1 — A
- V2[fo,* + 7o, +

+a)]}dr
(2.13a)

9p = 0,0;dP_ = 0. (2.13b)
Unlike the steady case, the contributions of the d and dl?,
terms on the momentum evolution can no longer be sepa-
rated. Both terms have exactly the same scales. By separating
the pressure-driven geostrophic motions, the wind-driven
ageostrophic motions in the Ekman layer satisty the following
dimensional stochastic PDE (SPDE) (in complex notations):
du, = {=if(u, + u) + 9 [a 0o (u, + u)]}dt
- life, + 0,0, (u, + u)ldB,, (2.14a)

Ju =0.

T po zz 7 elz=—H

pUuZZaZut z=0 =

(2.14b)

This stochastic formulation extends the deterministic time-
dependent Ekman-Stokes model (McWilliams et al. 1997), in-
corporating the vertical unresolved advective process of the
Ekman current, the random unresolved Coriolis force, and
both the diffusive and advective vertical mixing effects of the
1to-Stokes drift. This system has the advantage of not only in-
corporating large-scale vertical mixing terms but also account-
ing for unresolved vertical advection contributing to it. By
this way, one can transition from an analysis in mean to an
analysis of higher-order statistical moments. The role of the

Unauthenticated | Downloaded 08/06/25 02

19 PM UTC



1394

Stokes drift, when interpreted as a special case of the Ito—
Stokes drift (as will be the case in the following), is considered
both in the mixing term and in the fluctuation term. Its impli-
cations on the solution will be discussed in detail in the nu-
merical results section.

Finding analytical expression of strong (pathwise) solutions
to an SPDE with multiplicative noises is extremely challeng-
ing. Instead, in section 3, the statistical moments for solutions
of the SPDE (2.14), incorporating other random parameters
is investigated through numerical simulations based on the
Monte Carlo method (Caflisch 1998).

Here, we exemplify important integral properties of the
conditional mean solution. Assuming that the random corre-
lation operator o and the cylindrical Brownian motion B are
independent, and taking the expectation of Eq. (2.14a) with
respect to the conditional probability distribution given o, we
deduce the following PDE for E”[u,] := E[u,|o]:

9.E[u,] = —if (E[u,] + u)) +,[a,.9,(E”[u,] + u,)].
(2.15)

This resulting PDE remains random, as E“[u] is a function of
o, which itself is random. Integrating vertically, we obtain an ini-
tial value problem with random parameters for the conditional
mean Ekman transport, E°[T, J(z) = L; HIEI"[ue](z, t)dz. This
conditional mean transport satisfies the following equation:

d

—E°[T,] = —ifE°[T,] + pl(rw + 7)) — if T,. (2.16a)

dt e e

o

Its solution is given by

E?[T,]() = e”ﬁ]E"[Te](O) + lfe”'ﬂ[”)(rw + 1-?)(r) dr
P, Jo

-T,1 - (2.16b)

We recall that the It6-Stokes drift ug is assumed to be
quasistationary (hence T, is also quasistationary), whereas
the wind stress 7,, and the vertical diffusion coefficient a,, are
potentially time dependent and random (and consequently so
is 70 = aZZaZuS|Z:0). Taking the divergence of the previous
equation, we derive the following expression for the condi-
tional mean Ekman pumping at the lower boundary:

E7[w,](¢) = cos(f)E7[w,](0) + [cos(ft) + 1]V - T

+ lfsin[f(t -V X (7, + ) (r)dr
P, Jo

+ cos(f)V X [E”[T,](0) + T,]

+ iItsin[f(t -nV-(r, + 7?)(r)dr. (2.17)
Py Jo

The Ekman pumping induced by the unsteady Ekman—
Stokes boundary layer depends on both the divergence and
curl components of the initial Ekman transport, the steady
Ito-Stokes transport, and the time-dependent effective sur-
face stress. Note again that compared to the deterministic case,
the additional terms are related to the surface It6—Stokes stress
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70. These formulations of the expectation of Ekman transport
and pumping, conditioned on the small-scale correlation tensor,
provide an expression for the system’s response in the
“average.” They are still random but no longer include Brown-
ian terms. These expressions yield solutions for a given realiza-
tion of wind stress and waves, highlighting the expected
modifications to the Ekman layer due to the spatial inhomoge-
neity of the random field, which will be identified in the follow-
ing as arising from waves and turbulent transport.

The stationary and nonstationary models described in this
section provide a simple stochastic forcing parameterization,
based on rigorous derivations, for coarse-resolution models
that inadequately resolve the Ekman boundary layer, due to
limited vertical resolution. This forcing mechanism facilitates
a seamless extension of deterministic codes for ensemble simula-
tions, with moderate software adaptation and computational
cost. The capability of these models to handle non-Gaussian
distributions, extreme events, and the incorporation of different
physical processes is discussed in the following sections.

d. Consistent physical parameterization for uncertainty
representation

In previous works (Bauer et al. 2020; Resseguier et al. 2021;
Brecht et al. 2021; Li et al. 2023a; Tucciarone et al. 2024),
noise was parameterized through a spectral decomposition of
the (Hilbert-Schmidt) correlation operator ¢. Both stationary
and time-evolving representations were constructed using
techniques such as proper orthogonal decomposition, dy-
namic mode decomposition, wavelet basis functions, or self-
similarity assumptions, enabling data-driven or model-based
noise definitions. From these noise basis functions, the diffu-
sion tensor a and the resulting [t6-Stokes drift vy, as defined
in Eq. (2.1c), were derived directly. In contrast, this work
adopts an inverse approach: Starting from specific physical pa-
rameterizations of the vertical diffusion coefficient a, and the
horizontal Stokes drift u,, the goal is to derive the correspond-
ing vertical and horizontal components of the unresolved ran-
dom flow component odB,. Additionally, randomness in the
correlation operator o, acting as an extra random source, is
parameterized using a wind-driven process and a steady distri-
bution of surface wave directions. For simplicity and without
loss of generality, we focus on one-dimensional boundary
layer models in the following sections.

1) RANDOM WIND AND WIND STRESS

We adopt here the random wind parameterization pro-
posed by McWilliams and Huckle (2006). The total wind u, is
decomposed into its time average u, and fluctuations u;. Each
of the fluctuating wind components is modeled as an indepen-
dent Ornstein—Uhlenbeck (OU) process:

dul, = —Tiu; dt + | TiEadWI,
a a

where T, denotes the memory time scale and X, stands for
the standard deviation of u, both of which determine the
transient behavior of the OU process. The term W, = WF + iWy

(2.18)

Unauthenticated | Downloaded 08/06/25 02:19 PM UTC



SEPTEMBER 2025

combines two independent real-valued standard Brownian
motions W¥ and W7, which are both assumed to be independent
of the functional cylindrical Brownian motion B, involved in the
unresolved current component. This independence assumption
is supported by the separation of atmospheric and oceanic me-
dia as well as their differences in time scales. Furthermore, it en-
sures that the conditional mean Ekman transport solution
discussed in the previous section remains valid.

The OU wind fluctuation u/ (conditioned on the initial
value uj) is a Gaussian process with the following probability
distribution:

wuy ~ Nuje T, 32(1 — e 2T,

(2.19)

This shows that, over the long term (¢ > T,), the process
converges to a centered and stationary distribution with a
bounded variance 37, such that u, ~ N(@,, 32).

The ocean surface wind stress 7,, follows the simplest bulk
formula, which is quadratic with respect to the total wind u,;:

7, = Cpplu lu, = p uie, (2.20)
where Cp, is the air—sea drag coefficient, p, is the air density,
u, is the friction velocity, and 6. denotes the angular direction
of the wind stress. Let us emphasize that the resulting param-
eters 7,, U, and 0, are random processes with bounded sta-
tionary variance in the long run, introducing additional
randomness into related parameters, as discussed later.

2) VERTICAL DIFFUSION COEFFICIENT

For vertical diffusion, we consider the well-established KPP
model (Large et al. 1994; McWilliams and Huckle 2006) to
represent the vertical eddy viscosity a, within the turbulent
surface boundary layer. This nonlocal parameterization ad-
heres to the predictions of Monin-Obukhov similarity theory,
along with extensions discussed in Fox-Kemper et al. (2022).
Under the neutral condition, it is formulated as follows:

a,(z) = cqu.hG(Q), {=—z/h, h (2.21a)

_sz

where ¢; and ¢, are constants determining the amplitude and
shear of a_,, & is the boundary layer depth, and G is a smooth
function of the normalized depth ¢. Note that, in the absence
of stratification and surface buoyancy flux in this study, the
boundary layer depth is constrained by the Ekman layer depth.
We adopt a specific version of G proposed by McWilliams and
Huckle (2006), which includes an additional regularization term
near the ocean surface:

€ - &

G =1 = O + H( — =50 T (2.21b)
0

where H denotes the Heaviside step function. The regularization
term represents an additional mixing process near the surface,
possibly accounting for wave breaking and mixing confined to a
shallow layer with small thickness {yh (McWilliams and Huckle
2006). Since u, is random, both the diffusion coefficient a, and
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the boundary layer depth 4 are also random. As previously ana-
lyzed, u? has bounded variance, implying that the magnitudes
of 7, and a,, are similarly bounded. Note that more complex
schemes based on the second-moment closure (SMC) (Mellor
and Yamada 1982; Umlauf and Burchard 2005; Harcourt 2013)
could also be investigated within a similar framework. Unlike
KPP, SMC models incorporate memory effects by solving prog-
nostic equations for turbulent kinetic energy and dissipation, al-
lowing for a more gradual adaptation of mixing intensity to
external forcing. Exploring their response to random wind forc-
ing in future work could provide insights into turbulence mem-
ory effects and differences in vertical mixing compared to KPP.

3) STOKES DRIFT AND WAVE STRESS

Consider a steady, monochromatic surface wave with sur-
face elevation, to leading order in wave steepness, expressed
as m = acos(kx — wt), where « is the wave amplitude, & is the
horizontal wavenumber, and o = (gk)? is the angular fre-
quency satisfying the deep-water dispersion relation. The hor-
izontal components of the Stokes drift are approximately
given by (Phillips 1977)

u(z) = Upe*e™, (2.22a)

where Uy = wko? represents the Stokes drift magnitude and
0, is the surface wave propagation direction. This Stokes drift
velocity is nonlinear with respect to the wave amplitude and
decays exponentially with depth.

In reality, surface gravity waves have a broadband spec-
trum, resulting in a more complex vertical profile for the
Stokes drift (Huang 1971; Jenkins 1989). The KPP model,
with a random amplitude due to wind uncertainty, makes the
derived wave stress amplitude 7, = a,.0u, equally random. To
account for uncertainty in the surface wave propagation direc-
tion, 6, is parameterized using a Gaussian distribution:

2
~ /\/(@S, 2) (2.22b)
where ©; and Ef denote the mean and standard deviation, re-
spectively. Consequently, the wave stress 7, becomes random
but non-Gaussian due to its nonlinear dependence on 6;.

4) UNRESOLVED RANDOM FLOW

Given the diffusion coefficient a,, and Stokes drift u,, the
vertical and horizontal components of the unresolved noise
flow are defined through the following projection formulation:

G.dB, —\/_Z 12

zz’ n

e, dBl, (2.23a)

&.dB, = \/—2 71/2U e )+ i<a;;/2vs, e,)e, dB;,

s> "n

(2.23b)

U, = JZ u(Qdi = U, + iV, (2.23¢)
-H

where {e,}, is a set of orthogonal basis functions of the
real valued Hilbert space L?([—H,0], R), with inner product
f uf(2)8(z)dz, while {B/}, is a set of independent
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(b) Anti-deriv. of Stokes
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FIG. 1. Illustration of the identifications in Eq. (2.25b), based on the sample variance {d_, = (1/2)1E[(ade,)2]/dt}
and covariance {a,, = (1/2)E[(0,dB,)(0_dB,)])/dt} of the noise defined in Eq. (2.23), constructed using Dirac delta
functions on a Chebyshev grid, as described in appendix B. Note that only the zonal component of the Stokes drift is

used in this illustration.

real-valued standard Brownian motions, and U, denotes the
antiderivative of the Stokes drift, reducing to u/(2k) for the
monochromatic surface wave in Eq. (2.22a). For more com-
plex Stokes drift profiles, U can be redefined to enhance ac-
curacy. We emphasize that the independence assumption
between the noise terms driving the wind and the ocean cur-
rents implies that the Brownian motions {f}}, are indepen-
dent of the pair (W¥, W) defined in Eq. (2.18). Note that
Eq. (2.23b) is only defined within the support of the function
a,,, with zero horizontal noise o.dB, outside this region. The
notation @ for the noise variables is used to indicate that the
noise is expressed as a projection onto a particular (finite
dimensional in practice) basis, with constraints on the associ-
ated Ito-Stokes drift and vertical diffusion.

The corresponding diffusion processes, originally defined as
a= (1/2)E”[&dBl(&dBl)T]/dt, are subsequently expressed as

[

~ _ 12 22
a, = z <azz ’en> €p> Ayy

n
= g, (@2, e )(a U, e,) +i(a?V, e,))e?.

(2.24)

Upon using Parseval’s theorem, the reconstructed diffusion
coefficients are globally consistent with the vertical viscosity
and the antiderivative of Stokes drift:

0

0 0 0
LH&“(ZMZ = LHazz(z)dz, LHé“(Z)dz = LHUS(z)dz.
(2.25a)

If the basis functions {e,} are localized (significant only
over small, distinct regions with negligible overlap), Parseval’s
theorem holds almost pointwise, leading to

a,(z)~a,(z), a,(z)~UJ2) (2.25b)

Consequently, the resulting It6-Stokes drift @ =02,
approximates the given Stokes drift u,. This identification is
illustrated in Fig. 1, which demonstrates that the sample vari-
ance and covariance of the noise approximate the target KPP
viscosity and Stokes drift profiles.

While this noise model relies on simplified parameterizations
of diffusion (KPP) and Ito-Stokes statistical drift (assumed to
match the monochromatic Stokes drift), the distribution of the
resulting noise is nontrivial to specify. It exhibits a nonlinear
dependence on random parameters, and its sensitivity to small
parameter variations is intricate. Furthermore, the noise acts
both as an additive source of randomness and as a transport
(advection) mechanism, making it inherently non-Gaussian.

3. Statistical analyses

This section investigates the statistical properties of the
proposed time-dependent stochastic Ekman-Stokes model
[Eq. (2.14)]. Large-ensemble simulations are conducted using
a Monte Carlo method (Caflisch 1998). The SPDE is solved
numerically with a pseudospectral Chebyshev method (Boyd
2001; Trefethen 2000) combined with an implicit time-stepping
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TABLE 1. Common parameters used for the simulations.

LI ET AL.

Parameters Value Description

f 0.73 X 10°*s™ ! Coriolis frequency

Po 1000 kg m™>  Water density

Pu 1kgm™>  Air density

Cp 1.3 X 107®  Air-sea drag coefficient

u, 5mst Mean wind speed

S 5ms! Standard deviation of transient wind
T, 1 day Memory time of fluctuation wind
c1 0.4 von Karman constant

c 0.7 Boundary layer depth parameter
lo 0.05 Normalized depth of shallow layer
Kp 107*m?s™!  Background uniform viscosity

a 0.8 m Surface wave amplitude

k 1.05m™! Wavenumber of Stokes drift

[CN 0° Stokes drift mean direction angle
S 5° Standard deviation of wave angles
H 256 m Vertical domain depth

N, 512 Number of Chebyshev points

N, 1000 Number of random realizations
At 30 min Time step

scheme (Jentzen and Kloeden 2011). The Markovian wind
stress process is integrated using an exact scheme based on
its transition distribution [Eq. (2.19)]. Detailed descriptions
of these numerical schemes are provided in appendix B. To
investigate the influence of stochastic terms, we begin by com-
paring the ensemble statistics of the proposed model with
those of the deterministic Ekman-Stokes model driven by
random wind forcing. Next, we conduct parametric studies
to assess the effects of random wind and surface wave para-
meters within this framework. Finally, the model’s ensemble
forecasts are assessed using observational data.

a. Comparison with the deterministic Ekman—Stokes
model driven by random wind

The ensemble statistics derived from the proposed parame-
terized SPDE [Eq. (2.14)], referred to as p-SPDE, are first
compared with those of a benchmark model (McWilliams
et al. 1997) solely considering the Coriolis-Stokes force,
driven by the parameterized PDE, designated as p-PDE:

(a) PDF of wind

(b) PDF of wind stress

1397

au, +if(u, +u) =9_(a,o.u,). 3.1

7z

This comparison is performed under identical boundary
conditions as specified in Eq. (2.14b), with both models initial-
ized from a state of rest. The common parameters between
both simulations are listed in Table 1. Specifically, we assume
the mean directions for both wind velocity and Stokes drift to
be zonal. It is noteworthy that the selected surface wave am-
plitude a = 0.8 m and wavelength A = 60 m (or wavenumber
k = 2m/A ~ 1.05 m™ ') proposed by McWilliams et al. (1997)
imply a Stokes drift magnitude Uy, ~ 0.068 m s~ ! and a
Stokes-layer depth h; = 1/(2k) ~ 4.775 m. Additionally, it is
important to mention that the transient wind level in this sce-
nario is set equal to the mean wind level (2, =4, = S5ms™!)
to highlight the rectification of the Ekman layer (McWilliams
and Huckle 2006).

Under these parameters, the probability density functions
(PDFs) of the surface forcings (wind, wind stress, and the de-
rived wave stress in the p-SPDE) are presented in Fig. 2 after
reaching statistically stationary states. These bivariate PDFs
are estimated from the ensemble vector fields using a non-
parametric Kernel density estimation (KDE) method with
Gaussian kernels. As anticipated, Fig. 2a illustrates the Gaussian
nature of the wind vector u, with uncorrelated components,
implying independence in the Gaussian case. However, the
nonlinearity of the bulk formula [Eq. (2.20)] results in a non-
Gaussian distribution for the wind stress 7,,. Figure 2b reveals
that the distribution is skewed toward the left of the mean
value. Additionally, Fig. 2c highlights a significant bias in the
distribution of the surface wave stress vector 70 = p .0, u
derived in the p-SPDE (2.14).

With these parameterized distributions, we proceed to the
analysis of the response of the two random models. Figure 3
presents the ensemble mean and spread (mean * one stan-
dard deviation, indicating variability and uncertainty) of the
Ekman velocity components. It also shows the ensemble mean
kinetic energy (MKE; representing the energy of the mean
solution) and eddy kinetic energy (EKE; representing the
variance components) densities, along with the Pearson cor-
relation coefficient (PCC) for the velocity components.

slz=0

(c) PDF of wave stress

10 A
0.1 - 0.1~
51 —~
0 T <
E o0 T 001 @ NCE-—  —=
N 3 W
—5 1 -
=0.11 -0.1 1
_10_
0 10 -0.1 0.0 01 0.2 00 01 02 03
Uz (M/s) X (Pa) (t2)* (Pa)

FIG. 2. Contour plots of PDF for (a) the wind u,, (b) the wind stress 7,,, and (c) the derived surface wave stress 70 after 30 days of p-SPDE
simulation. In each panel, darker-colored contours represent higher density and + marks indicate the ensemble mean.
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(c) MKE and EKE density  (d) Correlation of (ue, Ve)
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FIG. 3. Comparison of the (a),(b) ensemble mean (solid lines) and spread (shaded areas) for the Ekman velocity components, (c) the en-
semble MKE density (solid lines) and EKE density (dashed lines), as well as (d) the PCC for the Ekman velocity components, using dif-
ferent random models (represented by different colors). Note that these ensemble statistics are averaged over the last 20 days of a 30-day

simulation.

Compared to the p-PDE, the p-SPDE considering the addi-
tional wave mixing and stochastic transport effects produces
a smoother profile of mean Ekman velocities with a higher
variability of the realizations (ensemble spread) over depth
(Figs. 3a,b). This variability provides an indication on the
response of the model with respect to the random terms and
gives, hence, a quantification of the model uncertainty. Note
that the ensemble spread should be in balance with the model
representation error. A too narrow spread does not allow to
capture the system’s error while an excessive spread indicates
a too high sensitivity. As shown in section 3d, the p-SPDE
provides a good error/spread balance.

Additionally, the p-SPDE yields higher MKE and EKE
with larger differences between them (Fig. 3c) and stronger
correlation between the zonal and meridional components

(a) skew(ue) p-PDE

(b) skew(v,) p-PDE

(Fig. 3d) throughout the depth. These differences are particu-
larly pronounced near the ocean surface. Note that both mod-
els exhibit higher EKE than MKE throughout the depth, a
negative correlation in the upper 50 m, and a positive correla-
tion in the subsequent 100 m.

Higher-order ensemble statistics of the random models
can also be analyzed. The local skewness and kurtosis of the
Ekman velocity components over time and depth are shown
in Fig. 4. Skewness quantifies the asymmetry of distribution
relative to its mean, while (excess) kurtosis characterizes the
“tailedness” of the distributions, that is, the prominence of ex-
treme values. Specifically, we compute the sample skewness
and kurtosis of a random variable X from an ensemble of N,
realizations {X(, ..., X™)}. These are denoted by §(X) and
k(X), respectively, and are defined as

(c) kurt(ue) p-PDE (d) kurt(ve) p-PDE

Depth (m)
[0}
o
o

T
’ | N

100.0 . ".|"|. l

-1 0 1 -1 0

) A— | g

(f) skew(ve) p-SPDE

) AEE—— g
1 -1 0 1

) A— | g
-1 0 1

(9) kurt(ue) p-SPDE  (h) kurt(ve) p-SPDE

(e) skew(ue) p-SPDE
0

E
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FIG. 4. Comparison of the ensemble skewness and kurtosis for the Ekman velocity components over time and depth using different ran-
dom models (grouped by rows). The sample estimators for skewness and kurtosis are defined in Eq. (3.2), with the latter including the
standard —3 correction. A 1-day low-pass filter is applied to the time series of these statistics at each spatial point.
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(a) Mean Ekman spiral of p-PDE
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(b) Mean Ekman spiral of p-SPDE
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(c) Stats. of surface current speed
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FIG. 5. Evolution comparison after wind stopped for (a),(b) mean Ekman spiral, (c) mean and spread of surface current speed, and
(d) mean and spread of Ekman transport magnitude, using different random models. The wind is stopped after 30 days of simulation. The
mean Ekman spirals at different days in (a) and (b) are represented by various colors. In each spiral, a darker color indicates a deeper

position, with a depth step of 5 m between adjacent points.

vy = X)L iy (X)
1
i (X) = — 2 [x7 - XP (32)

where X = (1/Nr)251'1X(") is the sample mean and 1, (X) de-
notes the sample pth central moment (with p > 1). The “—3”
correction in the kurtosis definition (often referred to as ex-
cess kurtosis) ensures that the kurtosis of a Gaussian distribu-
tion is zero. Positive values indicate distributions with heavier
tails (more prone to extreme events) than a normal distribu-
tion, while negative values indicate lighter tails. Skewness and
kurtosis within the upper 100-m depth are shown in Fig. 4,
noting that these normalized statistics become poorly defined
in deeper regions due to variance. Compared to the p-PDE,
the p-SPDE frequently exhibits greater positive skewness for
the zonal component (Figs. 4a,e), greater negative skewness
for the meridional component (Figs. 4b.f), and more frequent
extremes for both components (Figs. 4c,d,g,h), all predomi-
nantly occurring in the upper 50 m.

To further emphasize the differences between the two
schemes, the wind is stopped after 30 days of simulation by
setting 7,, = 0, while maintaining the last day’s coefficient a_,
as a steady diffusion together with a stationary Stokes drift u,.
The two random models are then run without surface mo-
mentum flux for several more days. The results, Fig. 5, show
significant differences in their statistics. The mean Ekman
spiral size of the p-PDE (Fig. S5a) quickly shrinks, with the
Ekman current profile becoming nearly centered at the origin,
whereas the p-SPDE (Fig. 5b) largely retains its mean spiral
structure. Only the current speed decreases over time. Figures Sc
and 5d show that the mean and spread of the surface current
speed, [u9], as well as the Ekman transport magnitude, [T, for
both of the two random models rapidly decrease, reaching steady
states within 1 week. However, the residual mean values and
uncertainties are significantly higher for the p-SPDE than for

the p-PDE. This can be understood from Egs. (2.10), (2.11)
and (2.16b) with 7,, = 0. It emphasizes the role of all the addi-
tional terms associated with the Ito-Stokes drift term in main-
taining the spiral when the wind stops. In the p-PDE model,
the Stokes drift primarily influences the initial and boundary
conditions. Its effect diminishes over time and with increasing
depth. In contrast, in the p-SPDE model, the Stokes drift en-
hances vertical diffusion, maintaining a more significant im-
pact throughout the system. These results show the capability
of p-SPDE to transition from a wind- and wave-driven model
to a wave-driven model when the wind ceases.

b. Wind-driven rectifications

This subsection explores the impact of wind gustiness on
the p-SPDE. Sensitivity analyses are performed to assess this
effect. For this purpose, various ensembles are simulated over
a range of 3, values while keeping the other parameters in
Table 1 invariant. As shown in Figs. 6a and 6b, a greater wind
variability reduces the vertical shear of the mean Ekman
current, drives deeper circulation, and increases uncertainty.
Figure 6¢c demonstrates that increased wind variability results
in larger MKE and EKE throughout the depth, particularly
near the surface. Figure 6d shows a weaker negative correla-
tion at the surface but with stronger variations. The correla-
tion support extends with the increase of wind variation, while
the correlation peak decreases and shifts deeper in depth. As
described in section 2d, increased gustiness results in a higher
diffusion coefficient @, (and hence a higher magnitude of the
correlation o, for the unresolved motions). It also leads to a
larger associated surface wave stress 70 = (auazus)|z:0, which
amplifies both wave mixing and stochastic transport effects in
the p-SPDE, as can be seen from Eq. (2.14a) in the vertical dif-
fusion term and the transport random term, which involves
both the vertical shear of the It6—-Stokes drift.

The ensemble skewness and kurtosis of the zonal Ekman
velocity component with respect to different X, values are
shown in Fig. 7. More skewed distributions with higher kurto-
sis are obtained, reflecting an increase in extreme events over
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FIG. 6. Comparison of the (a),(b) ensemble mean (solid lines) and spread (shaded areas) for the Ekman velocity components, (c) the
MKE density (solid lines) and EKE density (dashed lines), and (d) the correlation coefficient for the Ekman velocity components, with re-
spect to different transient wind levels (represented by different colors).

time and near the surface. Similar results were observed for
the meridional component (not shown here for concision
purpose).

To further quantify the sensitivity across a broader range of
3., values, we focus on the time-averaged ensemble statistics
of diagnostic variables. Figure 8a shows that both global
MKE and EKE increase with higher transient wind, with
EKE rising more rapidly than MKE, especially when the tran-
sient wind exceeds half of the mean wind component. Figure 8b
demonstrates that both the mean and variance of the estimated
boundary layer depth increase (quasilinearly) with the wind var-
iation level. Figure 8c illustrates that the Ekman transport mag-
nitude |T,| grows significantly with wind. Figure 8d indicates
that the mean angle of T, is approximately 100° (relative to the
left of the mean wind direction) with a slight increasing trend,
while the uncertainty of this angular distribution rises rapidly
with wind.

c. Surface-wave-induced modifications

In this section, we perform the sensitivity analyses with re-
spect to the wavelength A and the mean angle O, of the Stokes
drift, respectively. The same metrics as in the previous analy-
sis are used here.

First, we examine the impact of wavelength. Figure 9 shows
that shorter surface gravity wave results in smoother vertical
profiles of the mean Ekman current with higher uncertainty
(Figs. 9a,b), higher densities of MKE and EKE (Fig. 9¢c), and
stronger correlation (Fig. 9d), particularly near the surface.
Furthermore, as illustrated in Figs. 10a and 10c, both global
MKE and EKE, along with the mean and uncertainty of the
transport magnitude, decrease with increasing wavelength.
Figure 10b shows a slight decreasing trend for the mean and
variance of the estimated Ekman layer depth with increasing
wavelength. An even subtler decreasing trend is evident in
Fig. 10d for the Ekman transport angles. Notably, shorter
wavelengths yield a greater magnitude and vertical shear of
the Stokes drift [Eq. (2.22a)], thereby amplifying the wave
mixing effects in the p-SPDE [Eq. (2.14)].

Now, we examine the sensitivity of the p-SPDE to the
mean angular direction of surface waves. Figures 11a and 11c
demonstrate that both MKE and EKE, along with the mean
and uncertainty of the transport magnitude, reach a maximum
when the mean angular direction of the Stokes drift coincides
with that of the wind velocity, decreasing symmetrically with
higher rotations to either side. Notably, in the aligned case,
the derived surface wave stress simply enhances the wind

(@) 2, =0.2U, (b) 2, =041, (c) 2, =0.6Uu, (d) 2, =0.81,
E o UL AETHER LT 3
£ 25.0 1 0 =
[oX ()
[ X
o 50.0 T T T = T T T - T T T T T T -1 2
= 0 L
= S
£ 25.0 "'l”"“‘l 0o o
o _
0 2
8 50.0 ; ; — . A _1
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
Time (days) Time (days) Time (days) Time (days)

FIG. 7. Comparison of the ensemble kurtosis for the zonal Ekman velocity component over time and depth with respect to different
transient wind levels (grouped by columns). The sample estimators for skewness and kurtosis are defined in Eq. (3.2).
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(c) Magnitude of T, (d) Angle of T,
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Q
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FIG. 8. (a)—(d) Comparison of the ensemble statistics for diagnostic variables across various transient wind levels. The MKE and EKE
are represented by different colors in (a). The mean and uncertainty are depicted using error bars in (b)—(d). These ensemble statistics are
averaged over the last 20 days. It is noteworthy that circular statistics (Fisher 1993) are specifically computed in (d).

stress. Unsurprisingly, the response of the Ekman transport
angle follows the variation of the surface wave mean direc-
tions, as shown in Fig. 11d. The difference between these out-
put and input angles remains nearly invariant.

The p-SPDE model of the Ekman boundary layer has dem-
onstrated its ability to quantify the system’s response to wind
stress, turbulent mixing, and wave mixing, particularly in cap-
turing more frequent extreme statistical events. Such a model
could be highly valuable for data analysis or as a simple yet
physically relevant stochastic forcing parameterization for
coarse-resolution models. It would enable, through this, the
ensemble simulation with natural variability driven by
waves, turbulence, and wind forcing. Its efficiency and accu-
racy will be further assessed in a future work using referen-
ces provided by large-eddy simulations. In the following
section, we provide an initial assessment of this model with re-
spect to real data.

d. Comparison with LOTUS observations

This section compares the model outputs with observations
from the Long-Term Upper-Ocean Study (LOTUS) experi-
ment (Price et al. 1987), conducted in the western Sargasso
Sea (34°N, 70°W) during the summer of 1982. This dataset
spans 160 days and includes current profiles measured with

(a) Mean and spread of ue

vector-measuring instruments on a stable platform to reduce
errors from mooring movement. To isolate the wind-driven
component, the geostrophic velocity—assumed constant at
50-m depth—was removed. Daily averages of wind and cur-
rent data were rotated to align the wind direction with nomi-
nal north and then averaged over the 160-day period.
However, we should remark that these observations also in-
clude uncertainties. Table 1 of Price et al. (1987) provides the
mean (time averaged) values at various depths, accompanied
by their respective confidence intervals (Cls). Further details
about the dataset and its processing are provided in Price and
Sundermeyer (1999).

For the model simulations, a mean zonal wind speed of
@, = 6ms™!, corresponding to the time-averaged wind speed
observed in the dataset (Lewis and Belcher 2004), was used as
the forcing. The wind stress in the LOTUS observations
(Briscoe and Weller 1984) was calculated using bulk aero-
dynamic formulas based on wind data recorded at 3-m height,
adjusted to 10 m using neutral stability assumptions. Under
this configuration, the observed zonal and meridional current
components represent the downwind and crosswind (with
opposite sign) directions, respectively, as described in Table 1
of Price et al. (1987). To introduce uncertainty, wind vari-
ability was added in the meridional direction with a standard

(c) MKE and EKE density  (d) Correlation of (ue, Ve)

Lt

(b) Mean and spread of v,

Z, -

S

—50 - i i i
£ ~100- 1 ] |
N
— A=75m
—1501 A=65m |1 1 1
—— A=55m
* —— A=45m
-200 ¥ : : . . f . . . . . !
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FIG. 9. Comparison of the (a),(b) ensemble mean (solid lines) and spread (shaded areas delimited by dotted colored lines) for the
Ekman velocity components, (c) the MKE density (solid lines) and EKE density (dashed lines), and (d) the correlation coefficient for the

Ekman velocity components, with respect to different wavelengths.
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FI1G. 10. Comparison of the ensemble statistics for diagnostic variables across various wavelengths.

deviation of 3(v’) = 1ms™!. The Coriolis parameter at the
observation site is 0.836 X 107 *s™ .

To handle the shallow surface layer, we used a KPP scheme
(McWilliams et al. 2012) without the additional regularization
term in Eq. (2.21b). This choice was motivated by the sensitivity
of the additional mixing term to the near-surface shallow-layer
depth parameter {,, which poses challenges for comparison
with LOTUS observations starting from 5 m below the sur-
face. To avoid numerical issues, the computational domain
was set to start at 1-m depth and extend to 100 m, discretized
with 300 Chebyshev points. Other model parameters were
consistent with those in Table 1.

Within a stochastic framework, model accuracy is often as-
sessed by verifying ensemble forecasts. Here, we use a simple
ensemble reliability criterion: the mean-square error (MSE)
of the ensemble-mean forecast should approximately match
the mean ensemble variance (VAR; also known as mean-
square dispersion), up to a scaling factor dependent on the
ensemble size (Stephenson and Doblas-Reyes 2000; Weigel
2012; Fortin et al. 2014). This is expressed as

1%
2 5(q,)

n=1

N,
¢, N+
MSE := N—pg.](q,, 0~ =5

r

:= VAR,
N,

(3.3)

where 7. = (UN)X0_q™ and &%(q,) = [1/(N, — 1)]
ZZ; g™ — E]Z represent the empirical estimators of the
ensemble mean and variance, qﬁ{”) is the forecast from the
mth ensemble member at the nth point, and g, is the obser-
vation. For our application, the observed and forecasted
quantities are the Ekman velocities at discrete depths, i.e.,
qm = ug’")(zn) and gy, = uf(z,). Specifically, we focus on the
mean values of the LOTUS observations in this context. To

(a) Global energy (b) Ekman depth

200 - 200 m -
T ® MKE
§ 1597 EKE | 175 m -
100 A
0®®®®®0 00 150m;
50 T T T T T T
-25° 0° 25° -25° 0° 25°
O O

quantify forecast performance, we use the absolute differ-
ence between the MSE and VAR: € = [MSE — VAR|. This
metric indicates how well the forecast system balances model
error representation and ensemble spread dispersion.

We compared this metric for three models: the p-PDE, the
p-SPDE, and a p-SPDE without wave mixing terms (denoted
as p-SPDE-noWM), described by
o,d.u,)dB,.

z°z7e

(3.4)

du, = [—if(u, + u,) + az(azzazue)]dt - (ifo, +

This comparison highlights the contributions of stochastic
transport and wave mixing in the proposed formulation.

Figures 12a and 12b show the ensemble mean and spread
of the different ensemble models, along with the observations
at various points. It can be observed that the p-SPDE model,
which includes wave mixing effects, produces a broader en-
semble spread that encompasses most of the mean observa-
tions and overlaps their Cls, compared to the other models.
Additionally, Fig. 12c¢ shows that the p-SPDE achieves the
lowest difference between MSE and VAR, indicating a better
balance between model error representation and ensemble
dispersion. After 5-6 days, an almost perfect balance is achieved.
The p-SPDE-noWM also improves this metric compared to the
p-PDE, highlighting the contribution of stochastic transport
terms. The balance reaches equilibrium at a slightly higher level
than the p-SPDE. However, it still improves the p-PDE solution.

Finally, similar tests were conducted with reduced surface
wave effects (i.e., with a reduced Stokes drift). The results,
shown in Figs. 13a and 13b, indicate that the ensemble spread
for all models is reduced compared to that observed in the
previous case (Fig. 12). In particular, no model is able to en-
compass the mean observation of v, or overlap its CI at
z = —5 m. The modification of the p-SPDE near the surface

(c) Magnitude of T, (d) Angle of T,

0°
7.5
@
% 504 ~100 ° 1
2.5
~200 ° 1
-25° 0° 25° -25° 0° 25°
es o

FIG. 11. Comparison of the ensemble statistics for diagnostic variables across various mean angles.
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0
(c) Forecasts score € = |MSE - VAR|
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FIG. 12. Comparison of ensemble forecasts from different random models with LOTUS observations under wave parameters

U, = 0.068 ms ™! and hy = 4.775 m (McWilliams et al. 1997). The ensemble mean and spread are shown by solid lines and shaded areas,
respectively. Black error bars indicate the CIs of the observed means (central points), based on the values reported in Table 1 of Price
et al. (1987). The forecast reliability is assessed by the normalized absolute difference between the MSE of the ensemble mean relative
to the observed mean and the mean intraensemble variance, scaled by the ensemble size. Lower values indicate better forecast

performance.

due to wave mixing effects is less pronounced than in the pre-
vious case. Figure 13c shows that the ensemble forecast score
values of all models increase when surface waves become
smaller. Nevertheless, the rank of model performance re-
mains unchanged from the previous case, with the p-SPDE
outperforming the other two models. This result further vali-
dates the proposed framework.

4. Conclusions

In this study, we applied the stochastic framework of location
uncertainty to model the upper-ocean Ekman boundary layer
and its variability. This formulation couples the contributions of

(a) Mean and spread of ue

random fluctuations with the boundary layer dynamics via an
uncertainty representation of unresolved motions, fully consis-
tent with established physical parameterizations.

Through numerical investigations, the statistical responses
of the proposed time-dependent stochastic Ekman-Stokes
model are analyzed. Comparisons are performed with a bench-
mark model solely driven by the Coriolis—Stokes force. Incorpo-
rating wave mixing and stochastic transport compound effects,
the stochastic model produces mean Ekman velocity profiles
with a stronger vertical gradient for most depths, along with in-
creased uncertainty and higher mean kinetic energy (MKE) and
eddy kinetic energy (EKE). Additionally, numerical results
display stronger correlations between zonal and meridional

(b) Mean and spread of v,

0
(c) Forecasts score € = |MSE - VAR|
=10 1 ] —— p-PDE
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0.20 —— p-SPDE
—20 1 4
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—30 b 0.05 +
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0.00 0.02 0.04 —-0.04 -0.02 0.00
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FIG. 13. Comparison of ensemble forecasts from different random models with observations under wave parameters U, = 0.035ms™ ' and

hy = 4 m (representing shorter wave effects).
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components, with higher-order statistics indicating more skewed
distributions and extreme value occurrences, particularly near
the surface. The role of the Stokes drift is shown to be strength-
ened by an enhanced diffusion, maintaining the Ekman spiral
when transitioning from a wind- and wave-driven Ekman model
to a wave-driven model when the wind ceases.

Sensitivity analyses revealed that increased wind variability
reduces vertical shear, deepens circulation, and increases
uncertainty and higher-order moments. Similarly, shorter sur-
face waves lead to higher MKE, EKE, and stronger correla-
tions. Both MKE, EKE, and Ekman transport reach their
maximum when the mean angular direction of the surface
waves coincides with that of the wind velocity. As the angular
difference between the wind velocity and surface wave direc-
tion increases, these quantities decrease, resulting in a redistribu-
tion of current velocity statistics. In terms of sensitivity, this study
suggests (in the range of the parameters explored) that the pri-
mary source of uncertainty is associated with the wind, followed
by the surface waves, with their direction being the final
source of uncertainty. The results suggest that the proposed
stochastic model could enhance the generalized Ekman
model, as previously outlined in the literature, by achieving
a better balance between model error representation and
ensemble dispersion.

The proposed stochastic model can be applied within the
Ekman boundary layer to parameterize random forcing asso-
ciated with wind stress, turbulence, and wave mixing effects.
This approach provides a cost-effective, physically consistent
parameterization of unresolved small-scale processes for low-
resolution ensemble simulations, which can be utilized for
data assimilation purposes or to simulate plausible sets of
realizations.

Looking ahead, future research avenues include extending
the stochastic Ekman-Stokes model to incorporate stratifica-
tion effects (Price and Sundermeyer 1999; McWilliams et al.
2009; Gula et al. 2014; McWilliams et al. 2015) and exploring
the distinct impacts of wave mixing and stochastic transport
on thermal front evolution (Crowe and Taylor 2018, 2019). It
is important to note that this study does not account for the
feedback effects of surface waves, potentially modulated by
upper-ocean random currents, on wind stress, particularly re-
garding the atmospheric wave-induced turbulent components
(Ayet and Chapron 2022). Within the proposed stochastic
framework, developing more accurate noise terms to better
represent fully coupled ocean-atmosphere Ekman models
(Lewis and Belcher 2004) would be a valuable direction for fu-
ture research. This stochastic formulation can be applied to both
the atmosphere and ocean boundary layers, coupled with the pa-
rameterized bulk formulation at the air-sea interface, with de-
pendence on the resulting random wind and current.

Additionally, further investigation of the nonlinear stochas-
tic Craik—Leibovich equations through numerical studies, par-
ticularly employing large-eddy simulations (LES) to include
ocean Langmuir circulation (McWilliams et al. 1997; Harcourt
and D’Asaro 2008; McWilliams et al. 2012; Sullivan and
McWilliams 2019), could provide deeper insights into the cou-
pled dynamics of wave—current interactions and improve the
representation of turbulent processes in ocean models. The
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present stochastic modeling approach can serve as an alterna-
tive SGS model that accounts for unresolved fluctuations
within the LES framework. This approach offers promising
prospects for advancing our understanding of turbulent ocean
processes and improving predictive capabilities.
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APPENDIX A

Derivation of Nondimensional Stochastic
Momentum Equations

The procedure for deriving the stochastic Ekman-Stokes
models begins with scaling the generalized stochastic Craik—
Leibovich momentum equations [Eq. (2.1)], assuming cons-
tant buoyancy (b = 0). To streamline the derivation, we first
apply the vector calculus identity, V(A - B) = (A - V)B +
B-V)A + A X (VXB)+ BX (VX A),toEqg. (2.1a).
This results in the following form:

dv + (vdt + edB)-V(v + v)) + f2 X [(v + v )dt + ¢dB,]

=—V(pdt + dP,)) + V-[aV(v + v )]dt, (A1)
where v = (u, v,w)" and V = (9,,9,,3,)". The horizontal var-
jables and Coriolis frequency are first scaled as x = (xy)" = L%,
u= (u‘v)T = Ut, and f =f0f. Here, the capital letters repre-
sent variable scales and hatted variables denote non-
dimensional variables. Following Pedlosky (1990), we adopt a
change of vertical coordinates to account for stretching in the
boundary layer so that z = HZ, Z = 2/38, and 9, = Hbi_,. Here,
2 # 0(1), Z = 0(1), and 8, denotes the Ekman boundary layer
thickness. The scales of vertical velocity w = (Ung/L)W and
dynamic pressure p = f, UL p are suggested, respectively, by the
continuity equation [Eq. (2.1b)] and the geostrophic balance.

The correlation operator is decomposed into horizontal
and vertical components, & = (o, 0-)" with o, = (o3, (ry)T.
The derived diffusion tensor can thus be decomposed into
a, = (12)o.0}, a_, = (112)02, and a,, = (12)o,0,. We pro-
pose scaling a,, and a., as horizontal and vertical eddy viscos-
ity coefficients, as

a =A, a, =A,a_ (A.la)

xx° z vz’

respectively. The scaling for the correlation operator and the
cross component of the diffusion tensor follows:

o, = X/EAL/ZE'\

x?

_ 12— _ AR 4125
o, = \/EAU o,a, = ApcA, a,_.
(A.1b)
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We next recall the Rossby number Ro, horizontal Ekman
number Ej, vertical Ekman number E,, and the aspect ratio
v, which are defined by

U A A,

Ro= ., E, =~ E =’ &y
L TR fol?

(A2)

SIE:

Using these dimensionless numbers, the Ito-Stokes drift
vy normalized by the characteristic scales of v scales as

. _uw E . _ EREVZ _

LT U TR A T Re 5 1 (A-32)
~ E}f e — 1E,

L= s = ro B ot Ro 3 aZazz (A.3b)

Note that V = (a)%ﬁy )' represents the nondimensional hor-
izontal gradient from here on.

The advection time scale ¢ = (L/U)? is imposed as the
characteristic time scale. Note that the time scale 7 is not
necessarily of O(1). The variance of a (cylindrical) Brownian
motion also takes the scale of time, with B, = (L/U)l/zét.
Moreover, the scale of unresolved pressure noise are sug-
gested by the geostrophic balance f2 X odB, ~ —VdP,, hence
P, = V2(E,/Ro)"*f,L?P,.

Substituting the above scalings in Eq. (A.1), the following
nondimensional stochastic momentum equations are obtained:

Ro[dii + (it -V + ;)i + i, )d?]

12 ~
=—0,0; (0 + a,)dB,

e

+ V2Ro"|E}*5, -V +

= —[f@ + )" + Vpldi — \/— (fALdB +VdP)

1/2

- - E
+E,V-[a_ V(i +i)ldi + =%

S0pla oy (0 + ))]di

e

+ E? + 1) ]}di

(A4a)

E1/2 ~ . —
R CR R NI

e

Y'Ro[d# + (&-V + wa,)(b + ,)di]

1/2
El/ZA

+ \/_yzRol/2 (w +w )dB

e

4P )

8(pa”+\/—

e

+9(E,V - 000 + )]

= E
[ Vb + )] + =2o[a
, I

e

El/Z
+ E2 e

V- [a,o, (b + w,)] +o;[a, V(b + WS)]})d?,
(A.4b)

where @ = (—=.21)". To further derive the equations of mo-
tion in the Ekman boundary layer, we make the following
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assumptions regarding the dimensionless numbers (Pedlosky
1990):

Ro<1,y< 1, §, ~ E, E)? ~ Ro. (A.5)

Using these assumptions, the previous nondimensional
momentum equations reduce to
Roda = {—f(a +da ) -Vp +d[a ag(u +9; xz)]

+ O(Ro)}di — V2Ro"*{[6.9;(ii +d;a..)

{ Xz
+ 7. 1dB, + VdP} + O(Ro)dB,, (A.6a)
Y*Rodw = —iagp + O(P)|di — \/—
8!.’ e
+ O(y))dB,. (A.6b)

Subsequently, a steady Ekman-Stokes model and a time-
dependent random model are derived in section 2, based on
distinct nondimensional time variables .

APPENDIX B

Numerical Schemes

A pseudospectral Chebyshev method (Boyd 2001) is
employed for the vertical discretization of the boundary
layer models. The so-called Chebyshev points, denoted as
Z= cos(jm/N,),j=0, ..., N_, are depicted in Fig. B1. Geo-
metrically, these points represent the projections on [—1, 1]
of equispaced points on the upper half of the unit circle.
Hence, the projection nodes are denser near the two boundaries
than in the midregions, which proves advantageous for
boundary layer problems and for representing the Stokes
drift near the ocean surface. The grid points of the vertical
domain depth H are constructed using a linear transforma-
tion, 7= —H(ﬁj + 1)/2. Then, the Chebyshev spectral de-
rivative and integration operators are built on these points
to solve a (S)PDE for nonperiodic functions with high
accuracy.

1.01

0.8 A

0.6

0.4 A

0.2 A

4 4

Chebyshev-Lobatto points

-1.0-0.8-0.6-0.4-0.2 0.0 0.2 04 0.6 0.8 1.0

FiG. B1. Geometrical visualization of Chebyshev points (red
points) as the projections on [—1, 1] of equally spaced points on
the upper half of the unit circle.
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A linear-implicit Euler scheme (Jentzen and Kloeden 2011,
chapter 8) is used for the time stepping of the SPDE (2.14),
namely,

W= (1, — AL AT+ FR(u)Ar + GE(", u)AB].
(B.1)

Here, u/'.‘ denotes the discrete value of the Ekman current
velocity u, on the node z; at time ¢, and A = —ifl + Da,.D
represents the discrete linear operator of the SPDE, where |
denotes the identity matrix and D represents the Chebyshev
differentiation matrix (Trefethen 2000, chapter 6). The terms
F and G correspond to the right-hand side forcing term of
Eq. (2.14a).

Additionally, we consider an exact scheme for the wind
using the Markovian property of the Ornstein—Uhlenbeck
process [Eq. (2.18)], expressed as

+1 o ) N AT,
W =1, ) —a)e e + 3 V1 — e AL

Here, &' = & + i&) where §; and & are independent random
variables following a standard normal distribution.

(B.2)
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