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Abstract

The objective of sensitivity analysis for a mathematical model is to identify the influence
of its inputs on its output. Sobol’ sensitivity analysis allows us to know the part of the
variance of the output explained by each of the model input. Most of the intrusive method-
ologies in sensitivity analysis are for deterministic models driven by the partial differential
equations (PDEs). The Monte Carlo method and the model reduction techniques are often
used in this framework (see A. Janon et al., 2014).

Several recent works also present the sensitivity analysis for the stochastic models with
both uncertain parameters and intrinsic stochasticity. When performing a Sobol’ sensitiv-
ity analysis on such a model, one may be interested in the full probability density function
of the outputs. For instance, O.P. Le Maitre and O.M. Knio (2015) propose a method,
based on polynomial chaos (PC) expansion and a stochastic Galerkin projection, for the
analysis of variance of stochastic differential equations (SDEs) driven by Wiener noise.

In this work, we discuss the computation of Sobol’ indices for a diffusion process with
uncertain parameters (a time-homogeneous continuous Markov process satisfying an au-
tonomous SDE in the presence of uncertainties). We first consider the mean value relative
to the intrinsic randomness as the quantity of interest for sensitivity analysis. Apart from
the Monte Carlo estimator and the PC analysis mentioned above, we propose an alterna-
tive appoach, in which we firstly transform the problem from a parametrized SDE to a
parametrized PDE, using the famous Feynman-Kac formulae, then we can either use MC
samplings for the PDE, or apply PC expansion for the solution of the PDE, combined
with stochastic Galerkin technique. Then, we consider the mean exit time of the diffusion
process from a compact subset of R as the quantity of interest.
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Chapter 1

Introduction

In global sensitivity analysis, one considers the uncertain input parameters as random
variables, then the model output, as function of inputs, is also a random variable, whose
probability distribution is uniquely determined by the model and the distribution of the
inputs. The Sobol’ indices show us the partial variance of the model output explained by
each of the model input.

In this work, we focus on the Sobol’ sensitivity analysis of a parameterized diffusion pro-
cess, which is necessary for the realistic description of many applications. In this case,
two different sources of uncertainty occurs - the uncertain parameters and the intrinsic
randomness. In our context, when performing a Sobol” sensitivity analysis, we are only
interested by the uncertainty due to input parameters on mean quantities of interest.

In this chapter, by introducing properly the parameterized diffusion process, we present the
explicit model with some particular assumptions, and define the associated Sobol’ indices.

1.1 Parameterized diffusion process

Let us consider a diffusion process X : [0,7] x © — R (T € R,) satisfying an autonomous
SDE,
dXt Zb(Xt)dt+O'(Xt)th with X():Z, (11)

where b : R — R is the drift coefficient, o : R - R, is the diffusion coefficient, W; is a
Wiener process defined on the probability space (©, Fg,Py).
We give a first assumption to ensure the existence and uniqueness of Xj.
Assumption 1.1.1. There exists a constant K € Ry such that (s.t.) for all (x,y),
[b(z) = b(y)| +|o(x) - o(y)| < Kly - x|

Indeed, for an autonomous SDE, this global lipshitz property 1.1.1 implies the linear growth

property,
b(x)| +|o(x)] < K(1+]z]), V.

Let us introduce an associated second-order functional space,

L*(0,P) = {v: 0 - R s.t. E(v?) := /@vz(az)d]}”g(m) < +o0}.

1



2 1.2. Model issues and Sobol’ indices

An additional assumption is given to ensure that X; € L?(0,Py).

Assumption 1.1.2. The initial condition Z (see (1.1)) is a random variable independent
of Wy s.t. E(|Z]?) < +oo.

In other words, a SDE (1.1) satisfying the conditions 1.1.1 and 1.1.2, has a unique time-
continuous (strong) solution X;, adapted to the filtration generated by W; and Z, s.t.

E (supte[o’T] |Xt|2> < 00.

Remark 1.1.3. Such a process X; is necessarily a time-homogeneous continuous Markov
process, i.e. the transition density function of X satisfies,

p(z.t]y,s)=p(z,t-s|y0), VO<s<t.
See, for instance, Theorem 7.1.2 and Theorem 7.2.4 in (B. Oksendal, 2003) for the proof.

We introduce then the generalized situation, where the drift coefficient and the diffusion
coefficient depends also on an uncertain vector £ = (&1,...,&;)7 defined on the finite di-
mensional probability space (Z,Bz,P¢) with & are all independently distribued by some
probability laws. In this context, the parametrized SDE defined on a complete probability
space (2, F,P) is given by

dXt=b(Xt,§)dt+0'(Xt,§)th, (12)

hence the uncertainty of process X; come from two sources, the randomness of Wiener
process Wy and the randomness of parameters via €. For each choice of £, we assume that
the conditions 1.1.1 and 1.1.2 hold on for the SDE (1.2). In order to perform the sensitivity
analysis, another fundamental assumption is given below.

Assumption 1.1.4. The uncertain parameters & and the Wiener process W are indepen-
dent.

With this independent condition 1.1.4, the full sample space €2, the joint probability mea-
sure function P and the second-order functional space associated with (0,£) have the
following product structures,

Q=0xE, P=Py®P; and L*(Q,P) = L*(0,Py) ® L*(Z,P;).

In the paper (O.P. Le Maitre and O.M. Knio, 2015), the authors perform a sensitivity
analysis of the solution X; respectively to parameters £, stochasticity 0, and coupled terms.
In orther words, they consider X; as the output of a dynamical system with inputs (&, ),
described by the coefficients b and o, and they are interested in the joint probability
measure function P of Xj;.

1.2 Model issues and Sobol’ indices

In this work, we consider an alternative approach, where we are interested in a mean
quantity of interest with respect to the the randomness of Wiener process, for which one
wants to evaluate the Sobol’ indices explained by different sources of €. In this context,
we define a model with inputs (¢, x,€&) and output y; by

y1 = Mi(t,z,§) = E*(X; | £), (1.3)
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where E*(e) =E(e | Xo = x). Then the associated Sobol’ indices are defined by

Sy (M (t,2,€)) = VW{%%J)&))’ VIc{l,....d}, &= (&, icl). (1.4)

In chapter 3, we are also interested in the sensitivity analysis for the mean exit time from
a bounded domain D of such a diffusion process X;. To this purpose, denoting the first
time that X, exits from D by 7p := inf{t > 0: X; ¢ D}, we define a model with inputs
(z,&) and output yo by

yo = Ma(a,€) = E* (11 | €), (1.5)

and the associated Sobol’ indices by

Var(E(y2 | £1))
Var(y2)

The objective is then to propose some efficient estimators of S; (M (¢, x,€)) and S; (Ma(x,§)),
based on various approaches. Basically, we use in the following two tools - Monte Carlo
(MC) estimator and Polynomial Chaos (PC) expansion. In chapter 2, we introduce the
orthonormal polynomials, which is the core of PC. In chapter 3, we present how to apply
these two tools in the parameterized SDE, in order to get the estimator of St (M (¢, x,€)).

An alternative approach is given in chapter 4, where we transfer the problem from the pa-
rameterized SDEs to parameterized PDEs, based on various Feymann-Kac formulas. Then

we present how to apply the MC and PC in the PDEs, in order to get respectively the esti-
mators of S (Mi(t,x,€&)) and S7 (Ma(z,£)). To these purposes, we give some additional
assumptions for the drift coefficient b and the diffusion coefficient o,

St (Ma(z,8)) = , VIc{l,...,d}, & =(&,i€l). (1.6)

Assumption 1.2.1. Vz,&, b(x,€) and o(z,§) are bounded.

Assumption 1.2.2. Affine decomposition hypothesis
We suppose that b and o admit the following decomposition :

Q . Q' _
Va, &, b(x,§) = Z:lbq(:z:)Uq(g), o(x,§) = Zl g (x)Uy (§),

where Q,Q" € N*, by, Uy, 64, Uyq=1,...,Q,¢' = 1,...,Q" are given functions.

Indeed, assumption 1.2.1 have been relaxed in (D.K. Pham, 2016), for instance, b satisfies
the linear growth condition with an uniform constant K. In chapiter 3, we illustate the
different estimators of the Sobol” indices for a parameterized Ornstein-Uhlenbeck (OU)
process, which satisfies all the assumptions above (but with the weak condition of b) and
is widely used in many fields of applications.



Chapter 2

Preliminaries : Orthogonal
polynomials

Orthogonal polynomials play an important role in representing the random quantities in
the stochastic models. In this chapter, we will see how to construct a stochastic polynomial
basis via the orthogonal polynomials.

2.1 General principles

Let P,(x) be a polynomial of degree n. A set of polynomials {P,(z),n € N} is called
orthogonal if it satisfies the orthogonality condition,

(Po, Po)w ::fDPn(:z:)Pm(x)W(a:)dx:hnénm, n,meN,

where D is the support of {P,} (possibly infinite), W (x) is a specified weight function, h,
are non-constants and 0, is the Kronecker symbol. If h, = 1,Vn, then the set is called
orthonormal.

An important property of orthogonal polynomials is that they satisfy a three-terms recur-
rence relation, which for a set of {P,(z)} can be written

—xP, () = ApPpii(x) — (An + Cp) Pp(x) + CpuPp-1(x), n>1,

where A,,C, # 0 and AC: > 0. Thus by specifying Py and Pj, it leads to generate all

P,. For instance, see the construction of some classical orthogonal polynomials (Legendre,
Hermite, Laguerre, Jacobi) in apprendix A.

2.2 One-dimensional stochastic orthogonal polynomials

Let L?(X,Px) be a second-order functionals space of a random variable X, endowed with
an inner product

(f.9)ixm = E(f9) = [ F@)g(@)dPx(a).

If the weight function W (z) of an orthogonal polynomials basis {¥,,(z),n € N} is equal to
the probability density function px (x) for the random variable X, then the set {¥,,(X),n €
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N} is an 1D stochastic orthogonal polynomials basis, i.e.
<\I]n, \IIm)LQ(X,]P’X) = <\I/n(X)7 \Ijm(X)h/V = hnénmu n,me N.

The relationship between classical orthogonal polynomials basis and probability distribu-
tions for X is provided in table 2.1 below.

Law X px(z) Polynomials
Uniform [-1,1] % i Legendre
Gaussian R %ﬁe‘”” 12 Hermite
Gamma R, xw_le)_z Laguerre

Beta [-1,1] % Jacobi

Table 2.1: Some standard distributions and classical orthogonal polynomials, where I is
the Gamma function with parameters v > 0 and B is the Beta function with parameter
a>0,8>0. (cf. apprendix A.3 & A.4)

Once we have the orthogonal polynomials functions W,,,n € N for the random variable
X, after rescaling each ¥, by the associated orthogonal coefficient h,, we obtain an 1D
stochastic orthonormal basis.

2.3 Multidimensional stochastic orthogonal polynomials

In our framework, & = (¢1,...,&4)7 is a random vector, in which all random variables &;
are mutually independent. Thus the construction of the d-dimensional orthonormal basis
can be reduced to a one-dimensional construction. Denoting (Z;, B=,,P¢,) the probability
space associated with random variable &;, the sample space =, the joint probability measure
P¢ and the second-order functional space associated with ¢ have the following product

structures, due to the independence of the &; :
4 d 2 d 72
E=[15i, Pe(2) = ®1 P, (2:) and L*(E,P¢) = i, L° (5, Pe,).
i=1

On each dimension, we select a 1D orthonormal basis {\Ifg?(zi),ai e N9} of L2(5;,P,),
according to the marginal probability measure associated with &; (use e.g. the polynomials
in table 2.1 with normalization). Then

d .
U,(z2) = H\Ilgl)(zz) with a = (aq,...,0q) € N
i=1

is an orthonormal basis of L?(Z,P¢). Indeed,

3

i=1

d , ; d
(\Ila7\llﬂ>L2(E7]P’§) = 1—[ <gl(()éli)7\11(ﬁ-)>L2(Ei’PEi) = I:{(sazgz = 5a5

In the following, we denote (e, ®)2(zp,) simply by (e,e).
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2.4 Multidimensional polynomials approximation

In practice, we work always with a truncated finite numbers of polynomials. Every d-
dimensional finite polynomials space can be represented by an associated set of indices Z.
For instance, the space of d-dimensional polynomials with partial degree p is denoted by

d
Tap={aeN"| oo = max a;<p}, Pap=span{z®=[]2" | aeZy,},
i=1

ie{1,...,

and the space of d-dimensional polynomials with total degree p is denoted by

Jap={ace N¢ | o :=

d
]:

d
aj <p}, Qgp=span{z® = H z?] | e Tap}-
1 j=1

We deduce then respectively the degree of freedom of Py, and Qg,,
i . d+

hence Q, ¢ Pp, Vd. The figure 2.1 shows more intuitively in the two-dimensional case.

(b) Space Q2

Figure 2.1: Comparison of degree of freedom for the two-dimensional polynomials spaces

In this work, we work within the space Qg ,, which is also called the tensor product
space. One can see more approximate spaces in (J. Beck et al., 2012).

Remark 2.4.1. Let K ={0,1,..., P}, then by using an appropriate indexing function (e.g.
lexicographical order),
K : {jdvp - K

ark=r(a),

the multidimensional orthonormal basis function can also be represented by {¥(z),k e K}
with P = deggp -1.



Chapter 3

Existing approaches for sensitivity
analysis of parametrized SDEs

In this chapter, we present two kinds of appoaches applied in SDEs to estimate the Sobol’
indices St (Mi(t,x,€)), VI c{l,...,d}. Naturally, MC samplings for the trajectories of
the SDEs with various choices of uncertainties lead to a first class of estimators. Another
approach is based on the PC expansion for the parametrized diffusion process, combined
with the Galerkin stochastic method for the parametrized SDE.

3.1 Monte Carlo based approach

In this section, we recall firstly how to simulate the trajectories of the diffusion process,
given by
dX: =b(Xy)dt + o (X¢) dWs with X = Z. (3.1)

Then we propose the Monte Carlo estimators of the Sobol’ indices in our context.

3.1.1 Simulation of a diffusion process

Consider a time discretization 0 =ty <ty <--- <ty =T with a fixed stepsize At = %

If the solution of the diffusion process X; is explicit, then we’re able to compute some con-
ditional moments of X. Thus, from the Markovian property (remark 1.1.3), the diffusion
process X can be simulated by the transition density function in the time interval [0,T].

When no explicit solution is available we can use a numerical scheme to approximate a
solution to Eq.(3.1) in [0,T']. For i =0,..., N, we denote the approximate solution at time
t; by X; and the increments of the Wiener process by AW; = W (t;41) — W(t;). Then we
have AW, ~ N (0, At) i.i.d.. We give two schemes in this paper, the Euler and the Milstein
scheme.

The Euler scheme of the SDE (3.1) is written by
Xi+1 = Xz +b(XZ)At+O'(XZ)AWZ, (32)

which has order of strong convergence 0.5 (i.e. IK >0s.t. E(|X(T)-Xn|) < KVAt), and
has order of weak convergence 1 (i.e. 3K >0 s.t. |E(f(X(T))) -E(f(Xn))| < KAt, for
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any polynomial f).
On the other hand, the Milstein scheme is given by

X1 = Xi + b(X;) AL + 0 (X;)AW; + %U(Xi)axa(Xi)((AWi)Q “AY, (33)
which has order of strong convergence 1.

3.1.2 Monte Carlo estimators

Return to the parametrized diffusion process, given by
dX; =b (X3, &) dt + o (X4, &) dWs. (3.4)

Let us draw randomly by Monte Carlo (quasi Monte Carlo, hypercubes latins, etc.) two
i.i.d. samples, (with respect to the probability law of (£1,...,&)), &4 = {§fj}i=1,...,d,j=1...,n
and §B = {gz‘%‘}i:l,...,d,j=l...,n~ Consider a new sample fl = {gi,j}izl ..... d.j=1...n Ic {1, R ,d},
where if ¢ € I, then & 4 = ff., else o = 5{}..

Draw next m € N* independent gaussian vectors C(k) = (Cf, . ,C]@)T, k=1,...,m, where
¢F~N(0,1) iid. forl=1...,N.

With each batch (£7,¢*)) and (£5,¢®)), we simulate the trajectories th,(k) and XtB’(k),
based on the transition density function or an approximate scheme (3.2), (3.3). We compute
then the scenarios

1 m 1 m

I 1,(k) B B, (k)

y = — g X and y~ = — E X .
= =

Finally, we can approximate the Sobol’ indices S; (M1 (t,x,£)), VI c{l,...,d} by a MC
estimator,

B,,I\2
Lyn Byl _(Lyn Yty
n J=1yjyj n ~j=1 2

5.
1en @D (1 yP+yl
n &~j=1 2

St (Ml(t>$a£)) N

n &~j=1 2

3.2 Polynomial Chaos based appoach

This method is well developped in the paper (O.P. Le Maitre and O.M. Knio, 2015), in
which one can see the computation of Sobol” indices from PC coefficients is immediate.
We explain in the following how to apply this approach in our case.

3.2.1 PC expansion for a parametrized diffusion process

For almost any trajectory of Wi, we are lead to consider a PC expansion of the diffusion
process X; in the approximate space Qg of LQ(E,]P’g),

P

Xe~ Y [Xg]eWr(8),

k=0
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where [ X} ] are the coefficient process to determine, which are independent of £ but only
depend on Wy, (&) are d-dimensional orthonormal polynomial functions and P+1 = (d;p )
(see in remark 2.4.1).

One advantage of the PC expansion for the parametrized diffusion process is that it enables
us to compute their approximate statistics from the coefficient process [ X ], based on the
independence of [ X}] and &, also on the orthogonality of the stochastic basis Uy.

P
E"(X, | €= &) ~E' (kz (X We(6) | € - 5')
0
P

P
Z U (ENE"([Xi]e | €=¢) = kz E ([ Xk])Pr(E),
20

E(E"(X; | £=¢))

R

P
B LB (Lol e)

E*([Xk])E(PL()) = E*([Xo]),

Mw

k

0

Var (E*(X; | £=¢))

R

E((E%Xt [£=€))") - (B°([Xo)))?

P P
= 20 (E((Xk10))” - (B ([X0)))” = 22 (B ([Xk))”
,
E(E%Ml(t,x,g)m:&)m(g J0W(€) | €= af) T BT,

where I € {1,...,d} and Ky:={ke{l,...,P} | Yp(2) = ¥r(z=£1)}.
Var (B (Mi(t2.6) | €=€0)~ 3 (B([Xp])™

k'eKr

Thus, one can estimate the Sobol’ indices by

Twer, (E° ([Xk’]t))Q.
Yoy (B2 ([X5]0)?

The next problem is how to determine the mean trajectory of each coefficient process
[Xk]t, B =0,...,P. To this purpose, the stochastic Galerkin method combined with
samplings will be applied.

Sp(Ma(t,z,8)) ~

3.2.2 Stochastic Galerkin method for a parametrized SDE

It is called stochastic Galerkin method, since we follow a Galerkin projection on a stochastic
basis. More precisely, we replace the diffusion process X in the parametrized SDE (3.4)
by the PC expansion, then within the assumption 1.2.1 (or the weak assumptions in (D.K.
Pham, 2016)) we project the obtained equation in the approximate space Qg of L*(Z,P¢),

P P
d[Xi] = (b (Z [Xl]xlfl,g) WU )dt + (o (Z [Xl]\lll,f) ,Wp)dWy, Yk =0,...,P

=0 =0
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Let us denote

[br] = (b(é[Xl]\Ijlvg) Vi) and [o7] (g; X119, ¢ ) ).

We get then a system of P+ 1 coupled SDEs,

d[ Xi] = [br]([Xo],- .., [Xp])dt + [ox]([Xo], ..., [Xp])dWs, k=0,...,P.

Denoting [X] = ([Xo],...,[Xp])" € RP*!, the previous system can be expressed by the
following form, due to the affine decomposition hypothesis 1.2.2 of b, o in the space Q.

{d[X]t = B[ X ]dt + [ X . dWy, t >0 (3.5)

[ X0 = ({(Xo, o), ... (X0, ¥p)) =(X0,0...,0)7 e R,
where B, X € Mp,1(R).

One can apply an approximate scheme (e.g. Euler, Milstein) to simulate the trajectories
of the coupled processes [ X ]. However, we should emphasize that the coefficient processes
[Xx],k=0,...,P are all driven by a unique Wiener process. For the j-th sample of the
discretized Wiener process increments, AW] I/VZ]+1 WZJ, 1 =0,...,N, j=1,...,m, we
denote [ X} ]’ the simulated trajectory, then the mean trajectory of the coefficient process

[Xk] can be approximated by

[X5.).

NgE

B (X~

7=1



Chapter 4

New methods based on
Feynman-Kac formulas

In this chapter, we firstly introduce the Feynman-Kac formula, which allows us to transform
our problem from the parametrized SDE to a parametrized parabolic PDE, then we apply
PC expansion to the solution of the parametrized PDE. Once we know the coefficients
of PC expansion, one can see that the estimation of the Sobol’ indices S (Mi(t,x,€))
is immediate, thanks to the orthogonality of the stochastic basis and the linearity of the
PC expansion. In order to solve the parametrized PDE, we still apply the stochastic
Galerkin technique. In a similar way, one can apply another Feynman-Kac formula (we
call it localized Feynman-Kac formula in this work) to transform the parametrized SDE
to a parametrized elliptic PDE with Dirichlet conditions. Using the same approaches as
in the parabolic case, we can immediately approximate the Sobol’ indices S (Ma(z,£)).

4.1 Parabolic case

The famous Feynman-Kac formula reveales profoundly the relation between the solutions
of SDEs and the solutions of parabolic PDEs.
4.1.1 Feynman-Kac formula
Theorem 4.1.1. Let us consider an autonomous SDE,

dX; =b(Xy)dt + o (Xy)dWy, (4.1)
where the coeffcient functions b and o are bounded and satisfy the lipschiz condition 1.1.1.

We assume also that 0 <m < 0(z), Vo eR.

Let us consider a parabolic PDE,
Owu(t,z) + k(x)u(t,z) = Au(t,z) + g(z), V(t,z) € (0,T] xR
u(0,2) = f(z), Ve eR

|1|im |u(t,x)| =0, Vte[0,T],
€Tr|—>o0

where f: R - R is a continuous bounded function s.t. f e L*(R) and limyy o0 | f ()] = 0,
g,k : R =R are also continuous bounded functions, and the operator A acting on functions

11
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in ¢ of C2(R) by
(Ap)(t,z) = 302(9;)%@(@35) Fb(2)p(t,2), ¥(t7) € (0,T] x R,

Then the function u(t,z) of class C12([0,T] x R;R) has the stochastic representation

t t s
u(t,z) =E* [f(Xt) exp (— fo k:(Xs)ds) + fo g(Xs)exp (— /0 k:(Xr)dr) ds] . (4.2)
See the proof in chapter 3 of (E. Pardoux and A. Ragcanu, 2014).

In particular, setting k = g =0 and f(x) =z, Vz € R, Eq.(4.2) becomes u(t,z) = E*(X;),
where u(t,x) is solution to the Cauchy problem,
du(t,z) = Au(t,z), V(t,z) € (0,T] xR
u(0,z) =x, VzeR.

Indeed, this approach can be extended to the case of parametrized SDE (1.2), since from
the begining we have assumed that b and o satisfy the conditions in Feynman-Kac formula.
Thus, the random variable

u(t,x,ﬁ) = ]Em(Xt | 5) = Ml(t7$7€) =N

is the solution of the parametrized parabolic PDE,

Ot 2,€) = 5 (2, )R, ut,2,€) + b, )Dpuu(t,.€), V(t,) € (0,T] <R
u(0,2,8) =z, YxeR.
In practice, we are interested in the solution of the parametrized PDE defined in a bounded
open domain D = (I,7) c R,
0uu(t,,€) = 500, )0, ut,,6) + b, )0,u(t,,€), V(t,2) € (0.7 x D
u(0,2,8) =z, VreR. (4.3)

u(t,1,€) = E*(X, | €), Vte (0,71
u(t,r,&) =E*7(X¢ | £), Vte(0,T]

4.1.2 PC expansion for Sobol’ indices

We decompose the solution u(t,z,&) of the parametrized PDE (4.3) by PC expansion in
the appoximate space Qg of LQ(E,IP’g),

P
u(t,x,f) ~ Z uk(t7x)\llk(€)a
k=0
where uy (¢, x) are deterministic coefficients and W (§) are d-dimensional orthonormal poly-
nomial functions. Once we have the coefficients of the expansion, we can compute some
approximate statistics with the formulas,

P P P
E(u(t,z,€)) » E(z uk(t,xm(s)) = S () Ee(W(€)) = 3 wn(ts ) = ot ),

k=0 k=0 k=0



Chapter 4. New methods based on Feynman-Kac formulas 13

P P

Var(u(t,z,£)) =E(u2(t,x,§)) [E (u(t,z §)) Z (t x) —uo(t,x) = Z (t,x),

Elu(t,z,&) | £=&]~ D) U (&n)E(up(t,x)) = ), uw(t,2) (&),

KKy KKy

where T € {1,...,d} and Ky :={ke{l,...,P} | Up(2) = ¥r(z=£1)},

Var [E(u(t,z,€) | £=€)]~ 3 ujp(t,2).

keK;

These lead to estimate the Sobol’ indices by

Var[E(y | €)] | Zwer; up (t,x)
Var(y1) S ui(tx)

St (Ml(t,$,§)) =

4.2 Elliptic case

As we know, there exists also a probabilistic representation for the solution of elliptic
PDEs.

4.2.1 Localized Feynman-Kac formula

Theorem 4.2.1. Let us consider an elliptic PDE with Dirichlet conditions,

{A(m)u(:v) - k(z)u(z) =-g(z), YVreD
u(z) = f(x), Yo e dD,

where A is an elliptic operator of type
A@)p(e) = 50> (@) (1) + b(a)e (1), Vip € CH(D;R), Ve D,
and the coefficient b and o are the bounded functions of the SDE (1.1) salisfying else
0<m<o?(x)<M<oo, [(62) ()| <M, |V (x)| <M, YzeD.

Assuming that the functions k > 0 and g are of class C%(D;R), hence g is bounded in

=[l,r].
Then the solution u of class C*(D;R) has the probabilistic representation

u(z) =E* [f(XTD) exp (— /OTD k:(XT)dr) + [)TD g(Xs)exp (— /08 k(XT)dr) ds] . (4.4)
See the proof in chapter 3 of (E. Pardoux and A. Ragcanu, 2014).

In particular, setting f = k =0 and g = 1, the mean exit time u(z) = E*[rp] will be the
solution of the elliptic PDE with a homogenous Dirichlet condition,
~A(x)u(x) =1, Yxe D
u(x) =0, Vx e dD.
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We extend then this approch to the parametrized SDE (1.2), hence the random variable

u(x,f) :EI[TD | f] = MQ(.T,{) =Y2

will be the solution of the parametrized elliptic PDE with homogenous Dirichlet condition,

1 2 " / _
—5° (z,&)u" (z,) —b(z,§)u'(x,£) =1, Yxe D (4.5)

u(x,&) =0, VxedD.

4.2.2 PC expansion for Sobol’ indices

In a similar way to the parabolic case, decomposing the solution u(z, ) of the parametrized
PDE (4.5) by PC expansion in the appoximate space Qg of L2(E,IP’5),

P
u(z, &) » Y up(w) Ur(€),
k=0

we get the following approximate statistics,

P
Var(u(z,§)) Z u%(x) and Var [E (u(z,&) | £=¢&1)] » Z ui,(az),
k=1 k'eKy

which leads to 9
Var[E(ya | £1)]  Zwer, tjy (@)

St (Mx(x.8)) = Var(y) Y ul(z)

4.3 General principles of stochastic Galerkin method

We see in both two previous sections that the problem returns to determine the coefficients
of expansion. We present in this section the stochastic Galerkin technique for general PDEs
with uncertain parameters. Let us consider a parametrized differential equation

Alt,z,&u) = f(t,3,8),

where u is the solution, f is the source term and A is a general differential operator that
may contain spatial derivatives, time derivatives, and linear terms. Appropriate initial and
boundary conditions are assumed.

We substitude the PC expansion of u = Z,I;O uip ¥} into the differential equation, and we
project the resulting equation in the same space Qg p,

P
(.A(t,x,f;zzulllll),\llk) =(f(t,x,€),§), k=0,...,P.
=0

By the orthogonality of the stochastic basis, the parametrized differential equation reduces
to a system of (P + 1) coupled deterministic differential equations for the coefficients of
expansion ug, k=0,...,P. Due to the ideal affine decomposition hypothesis 1.2.2 of b, o
in the space Qg ,, and using an appropriate spatial and temporal discretization of the co-
efficients, the problem reduces to solve a linear system (or evolution of linear systems in
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parabolic case).

An alternative approach is to firstly discretise the parametrized PDE, and then project
the discretized scheme in the stochastic basis. We will detail all these points for the
parametrized OU process in next chapter.

Remark 4.3.1. The convergence of stochastic Galerkin method have been studied in serveral
works, for instance see section 6 in (A. Nouy, 2017). According to the author’s discussions,
we should add an unformly bounded condition for the diffusion coeffcient o in this work,
in order to ensure the unformly coercive and unformly continuous of the bilinear form of
the Eq.(4.3) and Eq.(4.5), which leads to the convergence.

Assumption 4.3.2. We assume that o in Eq.(4.3) and Eq.(1.5) salisfies
O<m<o(x,§) <M< oo, for almost all x and &,

where m, M independent of £.

Indeed, this condition is stronger than the ones in Feynman-Kac formulas 4.1.1 and 4.2.1
where the lower bounds and upper bounds of o depend on each choice of &.



Chapter 5

Numerical example : Parametrized
Ornstein-Uhlenbeck process

In this chapter, we firstly define two models M; and M with the associated Sobol’ indices
S (My) and S7(My), for a particular parametrized OU process. Moreover, the explicit
solutions of Sy (M) have been computed, based on their known conditional moments. In
order to perform the PC expansion for our exemple, we precise then how to construct the
two-dimensional orthonormal Legendre polynomials. For the approximation of S; (M),
we present the detail numerical schemes to solve the stochastic Galerkin formalisms respec-
tively for the parametrized SDE and for the parametrized PDE, as mentioned in the two
previous chapters. For the approximation of S;(Ms), we present a numerical scheme to
solve the stochastic Galerkin formalismns for the associated PDE, and also a MC estimator
at PDE level as a benchmark. Finally, some numerical results have been given based on
the concerned methods.

5.1 Model and Sobol’ indices

In this section, we recall some useful properties of the OU process at first. Then we define
properly a parametrized OU process, the two concerned models with the associated Sobol’
indices. In particular, we’re interested in the explicit solutions of Sy (M;).

5.1.1 Properties of the OU process

Let us consider a simplified OU process given by the SDE
dX¢ = —aXdt + BdWy, t >0 with X = x,
where o,z € R, and S e R,.
Define Y; = e*' X; and applying the It6’s formula with f(t, ) = ez yields

4%, = (007 (1, X0) + 0,1 (1, X0) + 36202, (1, X0) ) de + B0, 1 (1, X)W, = fetaW,

hence Y; = Yo + 3 [} e**dW;. Finally, X; = Xoe® + 3 [} e =) dw.

16
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The conditional moments of X; can then be directly computed,

2
E(X; | Xo=2) =z and Var(X; | Xo=1x) = 26—(1 — 2oty (5.1)
«

We deduce that the transition density function of X is Gaussian,

1 exp (_a(y—xe‘at)g)
/B /2(1_6—200&) ﬁ2(1_€—2at) :

For the time discretization 0 =ty < t; < --- <ty = T with fixed stepsize At = %, we deduce
an exacte scheme by the Markovian property of X,

At 1 — e—20At
Xin = Xie 4 8\ [ =2 ¢~ N(0,1) idd, =0, N -1, (5.2)

5.1.2 OU process with uncertain parameters

p(y,t | x,0)=

Let us now consider the OU process X; with uncertain parameters & = (&1,&)7, driven by
the follwing parametrized SDE;,

dX; = —a(€1) Xedt + B(&)dW;, ¢ >0 with Xo =z € R, (5:3)

where & ~ U ([0,1]) i.i.d., i = 1,2 independent of the Wiener process Wy, the drift coeffi-
cient a and the diffusion coefficient 8 are characterized respectively by their mean u; € R
and standard deviation o; e R, 1 =1,2.

In this case, one can show more precisely that

a(€r) = p1 + V301 (26 - 1) NU([M V301, + \/501])

(5.4)
B(&) = p2 +V309(26 - 1) ~ U ([uz /309, g + \/502])

Remark 5.1.1. We assume that the characterized parameters of 8 should satisfy o > /302,
which directly leads to the uniformly bounded condition 4.3.2.

In this context, according to the definitions in section 1.2, the first model for sensitivity
analysis becomes,

Y1 = Ml(th’g) = Ex(Xt(w>€) | 5)
Then the associated (first order) Sobol’ indices are defined by

Var(E(y: | &)) i21.9
Var(y1) 7 o

Si (My(t,z,8)) =

One can immediately deduce the Sobol’ indices for the interaction of & and &3,
Sinter (M1(t,2,€)) = 1= 51 (My(¢,2,£)) = G2 (Mu(t,2,8)) -
Similarly, we have the second model defined by

Y2 = MQ(xvé) = EI(TD | €)7
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with the associated Sobol’ indices,

Si (Ma(x,8)) = Var‘(/ESZ;J)&)) ;

Sinter (Ma(z,£)) =1 -5 (Ma(2,£)) - S2 (Ma(z,§)) .

Remark 5.1.2. We wont precise the MC approach applied in the parametrized SDE in
the following. Indeed, one can directly apply the algorithm mentioned in section 3.1.2 for
& = (&1,&2), using the exact scheme (5.2). We will only show the numerical results in the
last part.

i=1,2,

5.1.3 Explicit solutions of Sobol’ indices

We deduce by the conditional moment (5.1), E*(X; | €) = ze*(&t, Based on the known
probability law (5.3) of a(&1), we compute then the explicit expressions of the follwing
statistics,

,u1+\/§01 —ut 1

e

p1—V3o1 2\/501
_ X e—ult (6\/§Ult _ 6_\/§Ult) — xe—ult Slnh(\/go'lt)

2V/301t V3ot
mQE_QMItSinh(2\/§Ult)

2\/50’115

du

Ey =E(E*(X; ] &) =2E (e_a(fl)t) =z

Ey = E[(E*(X; | §))°] = ”E (") =
which lead to the total variance
Var(y1) =Var (E*(X; | €)) = B2 — E%

On the other hand, we can also compute the explicit partial variances caused by each
€i7 Z = 17 27

Var(E(y1 | &)) = Var(E(ze™ | €1)) = Var(ze ") = Var(y),

Var(E(yy | &)) = Var(E(ze ™ | &)) = Var(Eg(a:e_at)) =0,

which lead to the explicit Sobol’ indices,

S (Mq(t,x,8)) =1, So(M(t,z,£)) =0 and Sinter (M1(t,2,£)) = 0.

5.2 2D orthonormal Legendre polynomials

In order to perform the PC expansion for our exemple, we need the 2D orthonormal
Legendre polynomials defined on [0,1]. A set of 1D Legendre polynomials {P,(x), n e N}
defined on [-1,1] can be etabished by the recurrence in appendix A.l. By an affine
transformation x — 2x — 1, we obatin a set of 1D Legendre polynomials {P,(z), n € N}
defined on [0, 1], which is determined by the recurrence

]50(30) =1
Pi(z)=2z-1
(n+1)Poi(z) = 2n+1)(22 - 1)P,(2) —nPy_1(x), n>1,
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with the associated orthogonality (P,, pm)vT/ -

= on+19nm-

Then a set of 1D orthonormal Legendre polynomials {P,(z), n € N} is obtained by P, (z) =
V2n+1P,(x). A few of such polynomials have been shown in figure 5.1.

3 T T T T T T T T T
T %
'
K /K—/
s
e

Figure 5.1: The first few 1D orthonormal Legendre polynomials defined on [0,1]

Let us consider \I/g)(&) = P, (&) and llfg)(fg) = P, (&), then according to the section
2.3, a set of 2D orthonormal Legendre polynomials {¥,(¢), r € N2} can be constructed by

(€)= U () ¥ (&)
Finally using the following indexing function
NxN->N

K

: (r1or) o k= (ri+re+1)(r1 +r2+2)

2
we can also represent such polynomials by W, k€ N. Some their explicit expressions are
given in Table 5.1.

—7”1_1,

k| (r1,72) Uy (&1,62)

0] (0,0) 1

1] (1,0) V3(26, - 1)

2| (0,1) V3(26 - 1)

31 (2,0 V(662 —6&, +1)

4| (1,1) 3(261 -1)(26-1)

51 (0,2) VB(6£2 —6&5 +1)

6 | (3,0) | V7(20& 3062 +12¢; - 1)
71 (2,1) | VIB(6& -66 +1)(28 - 1)
8| (1,2) | V15(2& -1)(665 - 66 +1)
9| (0,3) | V7(20& — 3062 +12& - 1)

Table 5.1: The first ten 2D orthonormal Legendre polynomials

From the distributions (5.4) and the table 5.1, one can immediately find a PC expansion
for the drift coefficient and the diffusion coefficient,

a(&1) = 1 ¥o(&) + o1 ¥1(€) and B(&2) = p2Vo(§) + o2Wa(§).
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Remark 5.2.1. One can see the construction of indexing function more precisely by the
following table.

(7’1,7’2) 0 1 2 3
0 o 2 5 9
1 1 4 8 13
2 3 7 12 18
3 6 11 17 24

Table 5.2: Construction of the indexing function

5.3 Stochastic Galerkin solver for the parametrized SDE

As mentioned in section 3.2, we decompose the parametrized OU process X; by PC ex-
pansion in the approximate space Qg of LQ(E,IP’S),

P

X~ Z [Xk]tq’k(f)7

=0

Eed

and we project the parametrized SDE (5.3) in the space Qg : for k=0,..., P,

P

dl:Xk]t = —((/11\1/0 + 0'1\111) (Z [Xl]t\l’l) s \I’k)dt + <u2‘1/0 + 0'2‘1/2, \I/k)th
=0

P
=- (M150k +o1 Y [ X]e (010, Wk)) dt + (p2dox + 0202r) dWj.
1=0

Let us define respectively [X] = ([Xo],..-,[Xp])T, A = (aij)i 0. p € Mpi1(R), where
a5 = /«Lléij + 0'1(\1’1\1’1',\1’]'> and b = (bo, .. .,bp)T € RP+1, where bk = ,ugégk + 0'252k. We get
then a system of (P + 1) coupled SDEs of the following form :

{d[X]t = —A[X],dt +bdWy, t>0
[X]o= (X0, T0), ..., (X0, Up)T = (2,0,...,0)T e RF*!

We simulate then m trajectoires of [ X ] in [0,7'] by an Euler scheme : for the j-th sample
trajectory, it becomes

{ (X192 = [x]9 - A[X]1DAt+ bVAKD, i=0,... N -1

i+l

(X5 = [XTo,
. . . T
where () ~ N(0,1) iid. and [X] = ([X0),..., [Xp]) e R

Finally, we can approximate the first order Sobol’ indices by

Srex, (£ 57, [X]D)

Si (Ml(t,x7§)) N o N2 1= ]-52a
Yot (5 T [Xk]WD)

where K; = {k e {1,...,P} | Up(2) = Yr(z = &)}, i = 1,2, which also leads to compute
Sinter (Ml(t,flf,{)) by 1- Z?:l Sz (Ml(taxag))'
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5.4 Stochastic Galerkin solver for the parametrized PDE

The link between a parametrized SDE and a parametrized PDE has been given in section
4.1. In particular, we apply it to the OU process for z in the domain D = [0, 1]. The output
of the model M (t,z,€) = u(t,z,§) = E*[ X (w,§) | €] is the solution to the parametrized
PDE,

Ot 2,€) = ~a(€)2dsuu(t,2,€) + 5 H(E)P0R ,u(t,.€), V() € (0,T] x (0,1)

(P.) u(0,2,8) =z, Yre(0,1)
u(t,0,6) =EZ°[X; | €] =0, Vte (0,T]
u(t,1,€) =B X, | €] = e @ vie (0, 7).

Then we decompose the solution u(t, z,£) by PC expansion in the approximate space Qg
of LQ(Ea Pé)a

P
u(t,z,&) » Y up(t,2)¥i(€),
k=0

and we follow a Galerkin projection for the parametrized PDE (Poy) in the space Qg :
for k=0,...,P,

P
8tuk = (—(ul\Ilo+01\Ill)x26xulllll,\llk) ( (,U,Q\I/(]+02\I/2) Zﬁmul\lll,\llk)
=0 =0

P
=- (M15zk!l?3xuk +o1y (117, ‘I’k>$3zuz) e
i=0

2 2 P
+ (%5%8 Ug + U202 Z \112\111, ‘l’k 8mul 2 \1121111, \I/k 8 )
=0 =0

It becomes in fact a system of P + 1 deterministric coupled equations,

Uuo Uuo uo
ol : | =-Azo.| : | + B2, | : |,
up up up

where A € Mp,1(R) defined in previous section, B = (bi;)ij-0,..r € Mps1(R) with
bij = (513055 + p202(Wa Wy, Uj) + Lo3 (W3, U;)).

Denoting U = (ug, ...,up)’, we rewrite the system of PDEs with the initial condition and
boundary condition obtained also by Galerkin projection in the space Q.
U (t,x) = —Azd,U(t,x) + BO? LU (), Y(t,x) € (0,7] % (0,1)

U(0,z) = ({z, %), ..., <x,\11p)) = (z,0,...,0)T e RP™ vz e (0,1)

U(t,0) =07 vie(0,T]

U(t,1) = (e, Wp),..., (e, Up)) e R Vie (0,T]

(Pv)

We use the finite difference method to solve the system of PDEs (Py). Let us con-

sider a grid of discretizations 0 = tg < t; < -+ < ty = T with stepsize At = % and
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0=z9<x1 < <xps =1 with stepsize Ax = % For k£ =0,...,P, we denote the ex-

act solution by ug(¢;,x;) and its approximation at (t;,z;) by uzj In vector form, we can

o . \T
approximate U (t;,z;) e RP* by Ut := (ug’J, ... ,ui;]) at each point (;, ;).

In particular, we use the Crank-Nicholson scheme which is a evenly weighted combination
of the explicit and implicit schemes, as shown in Figure 5.2.

S, [ ", S—

Jo b of

j+1l——0o—

i+l

Figure 5.2: Crank-Nicolson scheme - At each time step, the open circles are the unknowns
and the filled circles are known from the previous step.

For each point in the grid, we use a forward-difference formula for the time derivative,
and center-difference approximations for the remainder of (Py) : fori=0,...,N-1, j=
1,....,M-1,

Ui+1,j _ Ui,j B l A Ui7j+1 _ Ui7j—1 . Ui,j—l _ 2Ul,j + Ui,j+1
At 2 / 2Azx (Az)?

M i+l _ ritl-1 BUHM_l _ ot 4 itli+l
+-[-Az; +
2 ( K 2Az (Ax)?2 ) ’

which leads to

Ut 4 = A (UitLatl _itlasly C B (Utthitt _gytthi 4 ittt

At *aag A ( ) 2(Az)? ( ’ )
B LUW 1 Az (Ui’jﬂ B Ui’jfl) N 1 B (Ui,jfl _oyid 4 Ui,j+1) (5.5)
T AL N 2(Ax)? | |

Let us introduce then the Kronecker product of a m x n matrix A and a p x ¢ matrix B :
A ® B is a mp x ng block matrix defined as

(1116 alnB
A®B-= : :

amiB - apn B

Denoting respectively D = diag(x1,...,xp-1) € My—1(R),

0 1 @) -2 1 0]
-1 . 1 -

A= . . 1 € MM_l(R), B = . 1 € MM_l(R)
@) -1 0 (@) 1 -2

and U’ = (U"’l,...,Ui’M’l)T e RM-D(P+1) " yj = 0,... N, the Crank-Nicholson scheme
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(5.5) can be represented in form of block matrix product,

1 1 .
(EI(M‘I) ® 1P+ 4 (DA eA- - Be B) Uit - pitt

1
2(Ax )2

:(él(M1)®I(P“)—E(DA)®A+ B®B)Ui+Fi,

2(Az)?
where F' = (Fi’l,OP”,...,0P+1,Fi’M‘1)T e RM-D(P+1) ig 5 block vector composed of

. A \T , A A T
1 1 - M-1 M-1
vectors F“:( e ;3) e RP*! and FoM 1:(f8’ o fP ) e RP*1, defined

respectively by

Fi,l _ AUZO BUZO 0P+1
T

4A 2(Aa:)2

) _ . 1 ) Ta— 1
FZ,M—l — _CCM 1AU7,,M BU%M =1 - M 1A B U tl 1
ANz T 2(Ar)? 182 4 aaay PV

Tpf— 1 o, o, -
:(_4JZ;A+2(A$)QB)(<6 YWo), ..., (e, Up))

Thus, for k=0,..., P, f¢' =0 and

f}i’M ' AL 1CLI<;- )2bk') (<e_atzv‘1’0>""7<6_atl’qu>)T

( 2(Ax
P

T 1 —at;
IZ(:J( lakl+mbkl)<€ ’ 7\I/l>7

where ay, is the k-row of matrix A and ay; is the element of k-row and [-column.

Defining
1 1 1
L=—TMDgrP), ~ (DA)@ A-—— _BeB
At ® tiag PAOA- ST
1 1 1
R-_—TMDgr®P+) - (DAY A+—— _Be®B
At ® ag PAeAr s Be B,

the final linear system writes,
LU™ = RU' + (F*' + FY), (5.6)
with the initial condition defined by
U° = (21, 00) ... (z1,Up), ... (a1, o) ... (zaro1, Up))T e RMI-DPH)

where (z;, ) = 2;00%-

Remark 5.4.1. We have proved completely in appendix B that the Crank-Nicholson scheme
(5.5) is unconditionally stable in L? norm and is second order both in time and in space,
which make this scheme superior to the explicit or implicit scheme for (Py), although its
expression is rather complicated.
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Remark 5.4.2. In the above discussion, we have firstly projected the parametrized PDE
(Pu) in the space Qq,, then we discretise the obtained system of PDEs (Py) by a Crank-
Nicholson scheme. In fact, we have studied also an alternative approach in appendix C,
where we firstly discretise the parametrized PDE (P, ) with also a Crank-Nicholson scheme,
and then we project the discretized scheme in the space Qg,. Finally, we find that the
two linear systems obtained respectively by the two different approaches are permutation
equivalent with approximations of boundary conditions.

As mentioned in section 4.1.2, once we know the projection coefficients uy(t,z), Vk =
0,..., P, the first order Sobol’ indices can be approximated by

<P 2/, 0 !% 1,2,
Zk:l uk(tv l‘)

where K; = {k e {1,...,P} | Up(2) = Yr(z = &)}, i = 1,2, which also leads to compute
Stnter (M1 (t,2,€)) by 1= %2, S (Mu(t,2,€)).

Si (Ml(t7x7§)) ~

5.5 The mean exit time of the parametrized OU process from
a bounded domain

Always setting D = [0, 1], according to the discussion in section 4.2.1, the random variable
u($7£) = EI[TD | 5] = MZ(£>£)
is the solution of the parametrized elliptic PDE with homogenous Dirichlet condition,

B(&)?

alé)zu' (z,€) - Tu"(x,{) =1, VzeD (57)
u(z,&) =0, Yz edD.
5.5.1 Review of the finite element method (FEM)
Let us consider an elliptic PDE,
/ .
azu' (x) - U (z)=1, Yz eD (5.8)

u(z) =0, Vx e dD.
The variational formulation of Eq.(5.8) is given by
(Q) find ue V = H}([0,1]) s.t. a(u,v) = (v), YveV,

where

2
a(u,v) = /01 %u'(x)v'(x) +azu' (z)v(x)dx
l(v) = folv(m)daj.

An internal approximation of the variational formulation writes,

(Qp) find up € Vi, ¢ V st alup,vp) =1(vy), Yo, € V.



Chapter 5. Numerical example : Parametrized Ornstein-Uhlenbeck process 25

Let us discretise the domain D into n. elements e = [2k-1, 2] of uniform width h = ni,
with ne + 1 vertices z; = kh, k=0,...,n.. Let us choose the internal approximate space

Vi ={veC([0,1]) : v|e, € Pi(ex), k=1,...,n. and v(a) =0 =v(b)} = span{¢1,...,dn, },

where Nj, = n.—1. Each global basis funcion ¢; is piecewice linear and satisfies ¢;(z;) = d;5,
see figure 5.3.

o1 ¢ 3

X0 Xy X2 X3 X4
€] el €3 ey

Figure 5.3: A few piecewise linear global basis functions

We can then express the Galerkin solution as wuy(x) = Z]]\Qi uj¢;(x), uj € R. Substituting
it into @ and setting vy, = ¢; € Vj, gives

Ny,
Y uja(pj, ¢i) =1(¢), i=1,...,Np.
i1

Let us define the matrix A € My, (R) and the vector b € RV respectively by

&lj = a’(¢i7¢j)> ZN)Z = l(gbz)a Zv] = 1"'7Nh

then the coefficients of projection are obtained by solving the linear system

Au=b, (5.9)

where u = (ug,...,upn, )T. More precisely, we have

~ e 62 / I / ) T_ S .
aij = kZ::l fek (7@(:6)@25]@) +axd;(x)o; (m))dm and b; = kZ::l fEk ¢i(z)dz.

Then we work with local basis functions for P; (i.e. within each element ey, see figure 5.4),

defined by

Zkp — X r — Zk-1

and 6§(2) = Byl () =

O () = Pty () =

Figure 5.4: Local basis functions for Py
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We define the element matrix A¥ € My(R) by
k BQ ’ / /
Qgp = f EQSS(J})(bt(iU)'f‘OébeS(x)gbt(ﬂf) d$, 57t=1a21
€k

and the element vector v* € R? by b¥ := fek ¢s(x)dz. By affine transformations to the
reference support [0, 1], one can show that

B2 (1/h -1/h -1/2 -1 h/2
Ak:?(—l/h l/h) +O‘Z’“( 1/2 1) , and bk:(h/2) '

For two element e; and e;,1 meeting at vertex z;, we perform the assembly of matrices as
follows,

~ 7 ~ [ i+l ~ +1
Q-1 = Qg1, Q3 = Qoo + Q11" , Qji+1 = A1y -

5.5.2 Monte Carlo FEM

Indeed, we can consider the elliptic PDE (5.8) as the parametrized PDE (5.7) given a
¢ = ¢'. Thus, according to the linear system (5.9), we can consider u(§) = /1‘1(5)13 as
the output of a deterministric model, hence a MC estimator of the Sobol’ indices can be
deduced immediately :

1. Draw randomly by Monte-Carlo (quasi Monte-Carlo, LHS, etc.) two independent
uniform samplings :

A A B B
SREESR! &1 &
a=| : ] ée=| :

A A B ¢B
gl,n 52,71 gl,n g?,n

2. We construct the samplings matrices €1, £ from &4 and &p :

B A A B
SERRSR! SRERSA!

C
677 =

¢4 =

B eA A B
fl,n 62,71 fl,n 52,71

3. We evaluate 3n the models by u(¢) = A7 ()b :
w(el), w(€l), w(el), j=1,....n,
4. We approximate the Sobol’ indices by

L ueu(e) - (3 S w(eh) s uel))

S; (Ma(,6)) = |
T €€ - (2 T () ()

i=1,2
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5.5.3 Stochastic FEM

Following the ideas in the article (A. Nouy, 2009), we derive an alternative variational
formulation at the stochastic level. We search a weak solution u in the space L?(Z, Pe, V) =
{v:2 >V st E(|v|}) < oo}. Note that this space can also be assimilated to a tensor
product space,

L*(E, P, V)~V L*(E,P:):=V®S.

The variational formulation of Eq.(5.7) on D x E at the stochastic level writes then,

(P) find ueVeS st a(u,v)=l(v), VveV®S,

where
a(u,v):=E [[D (%,82(.)1/(1‘, o)v' (z,0) +az(e)u'(z,e)v(x, 0)) d:p]
- /;/l;(%ﬁQ(Gg)u'(x,G)v'(x,G)+a(@l)xu'(x,ﬁ)v(x,ﬁ))da:dIF’g(G)

I(v) :=E[[Dv(a:,o)dm]=[E[Dv(:x,9)d$dﬁ’>$(9).

Let S, := Qq, a stochastic basis, an internal approximation of (P) is given by

and

(Prp) find upp € V, ® S, c V@S s.t. alunp, vnp) = U(vnp), Yorp € V5 © S,

Let us define a tensor product space of the finite elements basis V}, and the stochastic basis
Sp by

Vi ® Sp = span{¢; ¥y, Vi= .wNp, Vk=0,...,P}.
We apply the Galerkin projection of uhp(:v,g) on this basis,
Ny, P
uhp(x §) = Z Z i ®i(2) Ve (), uir € R
=1 k=0

Substituting it in (Ppp) and setting vy, = ¢;(2)¥;(&), we can show that

L[ 550 (zzum (sc)wk(e))as(x)xvl(e)dxd&(e)

i=1 k=0
i Z; i (; fEBZ(ez)\I}k(e)‘l’l(e)dﬂpf(Q)) (/D ¢§($)¢9(x)dx) Ui
Zh - o
i=1 k;b (/13¢i(m)¢j(x)dx)uz’k,

N, P

[ [ aten)e (z > uim;(x)wk(e)) 03 () ¥1(0)drdPe(9)
= i=1 k=0

=

5

k=1

> o [ 761210 e)de) v

=1 k=1

ng

(La@nv@n@a®)( [ 6i@)s;@)de)u

1]
—_

2

\-

L
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and

[E [D @@)xpl(e)dmpg(e):( E\pl(e)dpg(e))( ]D ¢j(x)dx)=5016j,

where ay; is the element of matrix A € Mp,1(R) ~deﬁned in section 5.3, by is thfz element of
matrix B € Mp,1(R) defined in section 5.4 and b; is the component of vector b mentioned
n section 5.5.1.

Let us define k; ; := [}, ¢;(2)¢(v)dz and m; j := [ x¢;(2)¢;(z)dx. As mentioned in sec-
tion 5.5.1, the matrices K = (ki;) € My, (R) and M = (m;;) € My, (R) can be respectively
assemblied by the element matrices in each element e;,

Ki:(l/h —1/h) and M = (—1/2 —1) 7

~1/h  1/h /2 1
where z;, i =1,..., N are the vertices.
Let us define two block vectors u = (uy,. .. ,uP)T e RN (P with uy = (uog, - - - ,uNhk)T €
R and b = (5, ONh,...,ONh)T e RNn(P+1) According to the previous formulas, the

internal formulation (Ppy) leads to solve the following linear system,
(BoK+A®M)u-=b.

As mentioned in section 4.2.2, once we get the coeflicients ug, k=0,..., P, the first order
Sobol” indices can be approximated by

Yiex, ui (x)

Si (MQ(»T,f)) ~ 25:1 uz(w)v t

=1,2,

where K; = {k e {1,...,P} | Up(2) = Yr(z = &)}, i = 1,2, which also leads to compute
Sinter (Ma(2,€)) by 1= 571 Si (Ma(z,€)).

5.6 Numerical results

This section illustrats the numerical methods mentioned above. For all of the approaches,
we choose p1 =1, g = 0.1,01 = 09 = 0.05 as the characterized parameters, ¢ € [0,10] as the
evolution period and z € D = [0, 1] as the spatial domain. Firstly, let us indicate in the case
M, that the efficiency of the MC method applied in SDE (MC SDE) depends on the size
of parameter samplings n, the size of Wiener samplings m and the time stepsize At; the
efficiency of the PC approach applied in SDE (PC SDE) depends on m, N and the dimen-
sion of the approximate polynomials space Qg (or the truncated order P = dim(Qgq,)—1);
the efficiency of the PC approach applied in PDE (PC PDE) depends on P, At and the
spatial stepsize Az. Let us fix At = Az =0.01 in the following.

The figure 5.5 shows the evolution of the total variance Var(y;), implemented by the
scheme (5.7) with P =9 chosen.



Chapter 5. Numerical example : Parametrized Ornstein-Uhlenbeck process 29

%104

Var(yl)

Figure 5.5: Var (My(t,x,&)) estimated by PC PDE for P =9

Let us set X =2 =0.99, n = 1000, m = 10000 and P =9, then the total variance Var(y1),
estimated by various methods, has been shown in figure 5.6.

-4
35 210

Var(y1)

Figure 5.6: Evolution of Var(y;) obtained by various methods

We see immediately that all the curves are almost coincident, except the MC estimator.
As we know, the MC samplings converge quite slowly in general, especially we perform a
double MC samplings in our case.

Recall that the explicit expression of Var(y;) is given by Eg — IE% in section 5.1.3. Let us
denote the total variance of model My (¢, z,£) at the point (T, z) by UyTl’x, the estimators
of the total variance at this point due to PC SDE and to PC PDE by &ggE and &g]’SCE
respectively. Then using the numerical schemes respect to various choices of P, we can
show the approximate errors defined below as a function of P,
T, A,I', T, T, — "T7 T’
espp(P) = 105pp(P) = 0y, and eppyp (P) = [6p55 (P) — 0y,
The figure 5.7 shows that theses errors decreases as the truncated order increases, and the
errors of the PDE method are much more lower than the SDE case. This result is rather
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logical, since we have sampled the Wiener processes in SDE case.

20
22+

24 P

26 |

——PC SDE
——PC PDE

28 |

30

32 +

Figure 5.7: log (engE(P)) and log (5£SE(P))

As we know the explicit solutions of the Sobol’ indices S; (M1 (¢, x,£)) = 1 and So (M1 (¢, 2,£)) =
0, we can show in the same way, the approximate errors of theses indices due to PC PDE :

el =[1-4]" and 5" = [32""|.
.
——S1
1

Figure 5.8: log (51Tx) and log (ega:)

We observe from the figure 5.8 that for both the two indices, the error does not decrease
much when the truncated order P reach a level.

Finally, recovering z € D = [0,1], we apply respectively the MC PDE method 5.5.2 with
n = 10000 and the PC PDE method 5.5.3 with P =9, in order to perform the estimations
of S1 (Ma(x,€)) and Sy (Mao(x,§)).
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—S1 PC
---S1 MC
—S2 PC
---S2 MC
Smix PC
Smix MC

0.8 -

06 -

0.4 -

02 r

1 1 1 1 )
0 0.2 0.4 0.6 0.8 1

Figure 5.9: Sobol” indices of the mean exit time from the domain [0, 1] of the OU process,
respectively explained by &1, & and their interaction

From the figure 5.9, one can directly find a symmetrical behavior respectively explained
by &1 and & in this case.



Summary and future work

This MSc thesis was meant to present the Sobol’ sensitivity analysis (SA) for a parametrized
diffusion process, considering the mean value relative to the intrinsic randomness as the
quantity of interest. On the other hand, one can also consider the mean value relative to
the uncertain parameters.

In this work, we have shown two principle tools - MC samplings and PC expansion. From an
mathematical point of view, we prefer the PC apporach combined with stochastic Galerkin
technique, in which one can obtain the whole information about the explicit solution, by
solving the beautiful system of equations. Moreover, this method converge rather fast with
a high accuracy.

One major drawback of the PC approach is that the linear systems used to compute
the expansion coefficients are typically much larger than the linear systems used to solve
comparable deterministic problem. This is not terribly surprising since we are essentially
introducing more dimensions into the problem. But researchers are currently searching
for ways to either reduce the size of these systems or devise fast and efficient methods for
solving them.

Another drawback of the PC approach from an engineering point of view is that simu-
lation codes typically have to be rewritten to solve the coupled system of equations for
the coefficients. Compare this to a straightfoward MC sampling from the distribution of
the random inputs and running multiple deterministic simulations, which is much more
expensive in terms of CPU time but does not require new codes.

Researchers are exploring techniques such as importance sampling and stochastic collo-
cation that could provide the accuracy of the stochastic Galerkin method using only a
handful of deterministic simulations.

The key of this work is that we have established between the SA for parametrized SDEs
and the SA for parametrized PDEs, via the Feymann-Kac formula. Once again, solving
a high dimensional forward-backward SDEs is not immediate. We may see later some
multi-dimensional exemples, such as the stochastic FitzHugh-Nagumo model which is very
popular in neuroscience, and the stochastic Navier-Stokes systems which is very useful in
geoscience.
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Appendix A

Some classical orthogonal
polynomials

In this section, we briefly review the orthogonality and the recurrence relation of some
classical orthogonal polynomials. One can use theses two properties to construct an one-
dimensional basis of such polynomials.

A.1 Legendre Polynomials P,(x) defined on [-1,1]

Orthogonality
W(z)=1
(P P ) = L
ny I'm|W = m+ 1 nm
Recurrence
Py(z) =1
Pi(z)==x

(n+1)Pp1(x) = (2n+1)axPy(x) —nP1(x), n>1

A.2 Hermite Polynomials H,(z) defined on R

Orthogonality
2
W(x)=e 2
<Hn, Hm)W =V 27Tn!5nm
Recurrence
Ho(x) =1
Hi(z)==x

Hn+1(m) = -an(x) _anfl(x% nx1

33



34 A.3. Laguerre Polynomials Lg/)(:r),v >0 defined on R,

A.3 Laguerre Polynomials L\ (z),v >0 defined on R,

Orthogonality
v-1_-x
W) - 7 e
I'(7)
<Ln7 Lm)W = F(n i /Y) 5nm
n!
Recurrence
Ho(x) =1
Hi(z)=vy-=x

(n+1)L) (z)=2n+y-z)L)(z) - (n+y-1)L) ;(x), n>1

Recall that the Gamma function is defined by I'(z) = [;~ 2* 'e *dx, Re(z) > 0.

A.4 Jacobi Polynomials J\*"(z), a >0, 3> 0 defined on [-1,1]

Orthogonality
(L+y)* ' (1-y)"
W) = B e, )
~ ga+f-1 C(n+a)l'(n+p)
(s Jm)w = 2n+a+5—1f(n+o¢+ﬂ—1)n!6nm
Recurrence
Jo(x) =1
(@) = 3 [20+ (a+ H)( - 1)]
.8 - 2n+1)(n+a+pB-1) a3 B%-a? a8
Tl (@) = Cn+a+p-1)2n+a+p) T (@) + 2n+a+B-2)2n+a+3) T (@)
2(n+a-1)(n+p-1) a3
(2n+oz+ﬁ—2)(2n+oz+ﬁ—1)J"_1($)7 nzl

Recall that the beta function is defined by B(p,q) = %. Note that when o= 3 =0,
the Jacobi polynomials become the Legendre polynomials.



Appendix B

Stability and consistency for the
Crank-Nicholson scheme (5.5)

We study in this section about the stability and trucated error of the Crank-Nicholson
scheme (5.5), in order to ensure its convergence.

B.1 Stability in L? norm

We apply the Fourier transform of z on U(t,x),
FU(t,2)] = fR U(t,x)e 252 dy = U (¢, k) e R,
We deduce then

FlU(t,x-Azx)] = fR U(t,z — Ax)e 2k g = fR U(t,y)e 2km i) gy = o2k A2 (¢ k).

Similarly, F[U(t,x + Az)] = 27220 (t, k). Replcaing them in the scheme (5.5),

1 i+l 2kwAx —i2kwAx\ 7ri+l 1 —i2kwAx 2kwAx\ 7ri+l

KU+(/-e)+4A Azj (e —e )U+(k)—2(m)23(e -2+e YU (k)
. . . 1 , ) .

_ _UZ( ) _ . (ez2k7rAx _ e—leﬂ'AI) Uz(k) + WB (e—leﬂ'A$ _94 ez?kﬂ'Az) U’L(k)

Using the following formulas

{€i2k7rAz _9y4 €i2k7rAx _ 2(COS(2]€7TA:L') B 1) _ —4sin2 (QkWA:E)

€i2k7rA:c _ e—i2k7rA:c -9 SiD(QkTFAQZ),

we can show that ‘ ‘
U™ (k) = S(k)U" (k),

where S(k) is the amplification function defined by

7P+ - (ZA§2B5i1a2 (krAz) - zQAwAa:j sin(2kmAz)

TP+ 4 (iA§QBSID (kmAz) +i5x- Aa:J sin(2krAz)

S(k) =

35



36 B.2. Consistency

As we konw, the stability in L? norm is assured if and only if [S(k)| < 1, which is
equivalent to

9 2
(IP“ (ZA§2351D (lmAx)) S(IP“+(ZA§QBSiﬂ2(kWM)) )
xT

hence it requires that each element of matrix B is non-negatif. Indeed, this is equivalent
to show that the inner products (WoW;, ¥;) and (WoWyW;, ¥;) are both non-negatif. One
can prove them using the tensor product notation of the 2D Legendre polynomials, the
recurrence and the orthogonality of the 1D Legendre polynomials,

1 1
(WY Vo) = [ [ WP (@D )02 (0D (60D (&2)déades
1 1
([ ehene s ( [ v @u @) @)
=G [ (26 - DD (@)D (@)t
_ g BEREINC (2) (2)
“on [ (VD () ¢ g v () ) WD ()i

27"2+1
_ retl e 2 2 @ 2
“on (525 [ ¥ v @@+ 52 [T (v (@)

T2 + 1 79
=0rys, (m5(r2+1)s2 + m5(r2_1)82) > 0.

. e e e T1=51
Futhermore it is positive if and only if { | | On the other hand,
ro — So| =

(T Y1) Y2y Yisi)

1 1
- [ [ e @u? @) e @) @)ud @) v? @ )dads

1 1
([ e erdenda ) ( [ v @u@ v @)rd @)
b [ (26~ DUD(E&)(26 - )UD (€)dey

1

:67‘181/0 (ﬂ 7(511(52)+ 2 g)1(f ))(82+1 511(5 )+ & 23)1(52) d&o

2r9 + 1 2ro + 1 259+ 1 259+ 1

61"1 S1

T (@2si+ D)2+ 1)

(C10(rp+1)(s241) + C20(rp11)(s2-1) + €30(rp—1)(s2+1) + C40(rp-1)(s0-1)) 2 O,

where ¢1 = (ro +1)(s2 + 1), ca = (ro + 1)s2, ¢3 = ro(s2 + 1), ¢4 = r952. Futhermore it is

. . r1 =81 T =81
positive if and only if ({ or { )
o = 89 |T2—82|:2

Therefore, the Crank-Nicholson scheme (5.5) is unconditionally stable in L? norm.
B.2 Consistency
We derive then the truncation error for the Crank-Nicolson scheme. We say that f =o(g)

if for all 0 € R, as small as it is, we have |f(h)| < Cd|g(h)| as soon as |h| is small enough.
For k=0,..., P, we apply the Taylor-Young formula on wu(t,z), Vte€[0,T], Va €[0,1],



Appendix B. Stability and consistency for the Crank-Nicholson scheme (5.5) 37

ug(t + At,x) — up(t, x)
At

Mafttuk(t,x) +0((At)?)

At
= Opup(t, ) + ?aftuk(uw) +

ug(t,x + Ax) —up(t,x — Ax)
2Azx

2
= Opui(t, o) + (Ag:) up(t,z) +o ((At)2 + (Ax) )

Txrxr

up(t+ At,x + Az) — u(t + At,z — Ax)
2Az
(e

= Opup (t, )+ AtO%,uy (t, x)+ 95 u(t,z) ...
xt ttx

(At)?
2
mxuk(t x)+ 0((At)2 + (Ax) )

ugp(t,x — Ax) = 2ug(t, z) + ug(t, z + Ax)

(8o
(Ax)? %

= 8£xuk(tax)+ zmxwuk(t’x)+o((Ax)2)

up(t + At,x — Ax) — 2ui(t + At, z) + ug(t + At,x + Ax)
(Az)?

2
= () B0k ()

2
+ At@ixtuk(t,x) + %(ﬁmtuk(t,x) +0 ((At)2 + (A:L')Q)
Replacing respectively these formulas in the equation
1L 1 Z
Opuk = —= Y ap (Opuy + Opwy) + = Y by (Opaty + Opzty),
2i% 2i%
we compute the truncation error at point (¢, ),

At)? Az At At
& (ug )__ Uk + ( 6) attuk+zak1x(( 6) agxz up + 76&&“1 ( ) 8ttac l)
1=0

(At)

L (Ax)? At
Z ( xa:a::nul + 7a§mtul

thtul) + o((At) + (Ax) )
1=0

At t)?
= ? (aftuk + Z akl:r(‘)itul - bklc‘)gmtul) ( 12) (28tttuk + Z 3aklx8tmul 3bklc‘9mttul) RPN
=0 =0

2
(Al") (Z 2akl$ . U bklaxzxxul) +0 ((At)2 " (Ax)Q)
=0

At
[@(atuk) + Z akl:l/‘a (8tul) bklam(étul)]

(Az)?
12

At)?
+ ( 12) [3 (ﬁt(f),?tuk) + 3 a0, (Ofw) - bklagﬁ((‘)ftul)) - agtuk] ¥
=0

P
[2 (8t(8§xuk) + Z aklxam(aiggul) - bklagx(agxul)) — 28mtuk + Z bkl xm&xuljl + 0 ((At)Q + (Ax)z)
=0 =0

2
(Ax)2 (Zbkl e et _262.?15”]9) ( t) atttuk +O((At) + (AI‘) )
=0

Therefore the Crank-Nicholson scheme (5.5) is second order both in time and in space.



Appendix C

An alternative stochastic Galerkin
solver for the parametrized PDE

Different to the discussion in section 5.4, we present here how to solve the parametrized
PDE (P,) in another way, where we firstly discretise (P,) and then we project the dis-
cretized scheme in the space Q.

C.1 Method development

Firstly, let us consider a Crank-Nicholson scheme for (P,,),

(LIM_I-FMDA— 18(52) ) z+1(£) ( 1 M 1 Oé(gl)DA (52)2 B) u1(§)+(fz+1(£)+fz(£))’

At 4Azx 4(Ax)? 4Azx 4(Ax)?

where the matrices A, B, D are the same ones in 5.4 and f*(¢) = (fi’l(f)7 0,...,0, fi’M_l(ﬁ))T
RM-1 with

(51) B(&2)?
4(Ax)?

) - —%w_lum(s) A ©).

In this case, the solution u and the source terms f depend both on £.

1) = w0 (€) + u?(€) =

Denoting
2
- L G
L oua_al&) B(&2)?
R(&) = 4Ax A+ 4(A:L')QB’

a strong formulation at the deterministic level has been given : find a random variable
ul(€) e RM=1 i =0,..., N verifying almost surely,

L(€)u™!(€) = R(E)u' (&) + (f™1(&) + [(8)) -

Then decomposing the solution u’, i = 0,..., N by PC expansion in the approximate space

Qd,p7
u'(&) ~ Z Ui (), ), e RM,

38
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and following an Galerkin projection in the same space, we get a weak formulation at
stochastic level : Vk=0,...,P,

P P
(L(©) (lzo af“wf)) W (0)) = (;Oa %(5)) () E), W)+ F (), W (E)),
which leads to

Z(L(f)\l’z(f) ()i Z(R(f)‘l’z(i)ﬂl’k(f))ﬂ%+(fm(f)a‘lfk(ﬁ))+<fi(§),‘1’k(€))-

=0 =0
We developpe then the terms for k=0,..., P,

P N 2 A
;} (R(W1(£), Ui(§)) z;) ( S 4(§;)DA 4((22))23)\I]l(£)a‘1’k(£)>ﬂ;

P
=34 _]M Lo —
1=0

1
Ta(an)? \2

L 1 1 y
= o — ——a DA+ ——=bi B | 1
Z( = AL Ok 2(Ax)? kl )Uz
Denoting the block vector U* = (ﬁé,...,ﬁ},)T e RIM-D(P+) 4 = 0 ... N, the formula
above becomes a product of a block matrix of size (M - 1)(P +1) x (M -1)(P+1) and
the block vector U?,

1
At

4A (16 + 01 (V10,0 )) DA .

1 1 i
( M251k+ﬂ202<\1/2q/l7\1/k>+20 (‘1/2‘1117\1//%))3}“;

— A& (DA)+

Be® B)|U!:= RU".
Aa (B® ))U U

1
2(Ax)?

For a similar reason, we have

1 1
—_— (P+1) (M-1) —A DA) - Be®B 1/ Z+1 Ll/ 1+1 = .., N-1.
( r / ® 1 + ® ( ) ( ® ) O’ ’

1
2(Ax)?
In particular for i = 0, we have u®(¢) = X2, a0 (¢), @) e RML ie. VI=0,...,P,

~ _ T
@ = ((u*'(©),....,u"M Q) , Wi(9) = (21, L) (€)= (1, mie) O

o " ~ - o\T
We can construct then the initial condition by UY = (u87...,u?3) e RIM-D(P+1) - we
compute next the boundary condition : for ¢ =0,...,N, k=0,..., P,

ohi= (FR(), T (€)) =

P (OO = (- G+ S (€. wa(E)

N A(Az)?
a(é B(& —a(é)t;
R R AC)
~ o _ T
Fori =0,. NdenotlngFZ—(f” O Mo Of;;M‘l) e RIM-D)(P+1),

the final hnear system writes,

LU =RU'+ F* 4+ F' i=0,... N-1
~ (C.1)

= (xl, . ,:UM_l,O, . ,O)T € R<M71)(P+1).
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C.2 Comparison with the method in 5.4

In order to compare the linear systems (5.6) and (C.1), we follow a linear transformation

U=QU, Vi=0,...,N,

where
. . . . . T
% 7,1 ,1 i, M-1 i,M-1 M-1)(P+1
Uz(uo,...,up,...,uo s ) e ROM-D(P+1)
- . . ) . T
% 7,1 o, M-1 2,1 o, M-1 M-1)(P+1
U:(u07 g R N 1A ) e R( )(P+1)

and @ is a permutation matrix of size (M —1)(P+1) x (M —1)(P + 1) with the following
column representation,

T T
Q= [%(1), e 7e7r((M71)(P+1)):| = [917 €1 P(M-1)s - €M-1 - - - >eM—1+P(M—1)] )

where 7 is a permutation of (M —1)(P + 1) elements and e; is a standard basis vector,

denotes a row vector of length (M —1)(P +1) with 1 in the I-th position and 0 in every
other position.

Then the system (5.6) becomes,
LQU™ = RQU® + F**! + F°.
By the orthogonality of matrix @, we have
QTLQU™ = QT RQU + QT (F*! 4+ FY).

Note that for any two squared reel matrices M and N, we have M @ N and N ® M are
permutation equivalent, i.e. there exist a permutation matrix @ s.t.

MeN=Q"(NeM)Q.

We deduce by this property,

T (1 ;ou-1y o qpey 1 1
LQ = —1 I — (DAY A-————B®B
@ Le=0 (At ® tiag PAeA- S BeB A

1 1 -
= P erM-1) L~ Ag(DA B®B)=L.
At ® t a4 (BeB)

o1
2(Ax)?
Similarly, we have also QT RQ = R.

Note that one can approximate the terms f,i’M_l by f;’M_l fori=0,...,N, k=0,...,P.
Indeed, decomposing also the boundary condition by PC expansion in the space Q.

. L .
u M)~ 3 (), <R,
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and following a Galerkin projection in the same sapce, we deduce then

. « W
o _ <(%M v e CRG!

o), +6(€2)2)P
M 4 (Ar)2

M), Wi (9))

Lt 1 1 1 i
Z[ o i 1 (00, 00)) + s (S s a0, ) 4 5ot ) )
=0

P 1
(it sy

According to this, we can show that

R

e -

QTFi~F' Vvi=0,...,N.

Therefore, the final linear systems (5.6) and (C.1) are permutation equivalent with approx-
imations of boundary conditions.

i, M-1

To see the difference between f’ and f,i’M_l, we can compute the variables

; T ‘M121/2
o[

as a function of the truncated order P, for serveral instant t;,¢=0,..., N. The figure C.1
shows that the value of €' decreases as the truncated order P increases.

Figure C.1: log(¢*(P)) with N = 1000



Bibliography

A. Janon, M. Nodet, and C Prieur (2014). Uncertainties assessment in global sensitivity in-
dices estimation from metamodels. International Journal for Uncertainty Quantification,
4(1):21-36.

A. Nouy (2009). Recent developments in spectral stochastic methods for the numerical
solution of stochastic partial differential equations. Archives of Computational Methods
in Engineering, 16(3):251-285. Springer Verlag.

A. Nouy (2017). Low-rank methods for high-dimensional approximation. Model Reduc-
tion and Approzimation: Theory and Algorithms. SIAM Computational Science and
Engineering.

B. @ksendal (2003). Stochastic Differential Equations : An Introduction with Applications.
Springer, New York, 6 edition.

D.K. Pham (2016). Uncertainty quantification in stochastic differential equations. Master’s
thesis, MSIAM Université Grenoble Alpes. Under supervision of P. Etoré and C. Prieur.

E. Pardoux and A. Ragcanu (2014). Stochastic Differential Equations, Backward SDEs,
Partial Differential Equations. Springer.

J. Beck, F. Nobile, L. Tamellini, and R. Tempone (2012). On the optimal polynomial
approximation of stochastic pdes by galerkin and collocation methods. Math. Models
Methods Appl. Sci. (MAS), (23).

O.P. Le Maitre and O.M. Knio (2015). PC analysis of stochastic differential equations
driven by wiener noise. Reliability Engineering and System Safety, pages 107-124.

42



	Abstract
	Symbols
	Introduction
	Parameterized diffusion process
	Model issues and Sobol' indices

	Preliminaries : Orthogonal polynomials
	General principles
	One-dimensional stochastic orthogonal polynomials
	Multidimensional stochastic orthogonal polynomials
	Multidimensional polynomials approximation

	Existing approaches for sensitivity analysis of parametrized SDEs
	Monte Carlo based approach
	Simulation of a diffusion process
	Monte Carlo estimators

	Polynomial Chaos based appoach
	PC expansion for a parametrized diffusion process
	Stochastic Galerkin method for a parametrized SDE


	New methods based on Feynman-Kac formulas
	Parabolic case
	Feynman-Kac formula
	PC expansion for Sobol' indices

	Elliptic case
	Localized Feynman-Kac formula
	PC expansion for Sobol' indices

	General principles of stochastic Galerkin method

	Numerical example : Parametrized Ornstein-Uhlenbeck process
	Model and Sobol' indices
	Properties of the OU process
	OU process with uncertain parameters
	Explicit solutions of Sobol' indices

	2D orthonormal Legendre polynomials
	Stochastic Galerkin solver for the parametrized SDE
	Stochastic Galerkin solver for the parametrized PDE
	The mean exit time of the parametrized OU process from a bounded domain
	Review of the finite element method (FEM)
	Monte Carlo FEM
	Stochastic FEM

	Numerical results

	Some classical orthogonal polynomials
	Legendre Polynomials Pn(x) defined on [-1,1]
	Hermite Polynomials Hn(x) defined on R
	Laguerre Polynomials Ln()(x), >0 defined on R+
	Jacobi Polynomials Jn(,)(x), >0, >0 defined on [-1,1]

	Stability and consistency for the Crank-Nicholson scheme (5.5)
	Stability in L2 norm
	Consistency

	An alternative stochastic Galerkin solver for the parametrized PDE
	Method development
	Comparison with the method in 5.4


